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Abstract
Single pion production off nucleons is studied in the framework of heavy baryon chiral
perturbation theory to third order in the chiral expansion. Using total and some older
differential cross section data to pin down the low–energy constants, most of the recent
differential cross sections and angular correlation functions can be described as well as
total cross sections at higher energies. We show that the contributions from the one loop
graphs are essentially negligible and that the dominant terms at second and third order
are related to pion–nucleon scattering graphs with one pion added. We also discuss the
possibility of extracting the pion–pion S–wave scattering lengths from the unpolarized
data.
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1 Introduction
1.1 General introductory remarks
Single pion production off nucleons has been at the center of numerous experimental and the-
oretical investigations for many years. One of the original motivations of these works was the
observation that the elusive pion–pion threshold S–wave interaction could be deduced from
the pion–pole graph contribution of the pion production reaction. A whole series of preci-
sion experiments at PSI, Los Alamos, TRIUMF and CERN (and other laboratories) has been
performed over the last decade and there is still on–going activity. On the theoretical side,
chiral perturbation theory has emerged as a precision tool in low energy hadron physics. It not
only allows to investigate low–energy pion–pion scattering to high accuracy, see e.g. refs.[1, 2],
but also elastic pion–nucleon scattering and inelastic pion production can be studied in the
threshold region, for a review see [3]. Another important aspect of inelastic pion production is
the excitation of resonances, some of which couple much stronger to the ππN final–state than
to the pion–nucleon continuum. In what follows, we will be concerned with the low energy
region which allows to address questions connected to the chiral structure of QCD. Since there
already exist a few studies based upon various approximations, we first give an overview of the
theoretical status and discuss in which respects these existing calculations can be improved.
1.2 Short review of existing calculations and objectives
Beringer considered the reaction πN → ππN to lowest order in relativistic baryon chiral per-
turbation theory [4]. Low–energy theorems for the threshold amplitudes D1 and D2#4 were
derived in [5]. These are free of unknown parameters and not sensitive to the ππ–interaction
beyond tree level. A direct comparison with the threshold data in the π+p→ π+π+n channel,
which is only sensitive to D1, leads to a very satisfactory description, whereas in case of the
process π−p → π0π0n, which is only sensitive to D2, sizeable deviations were found from the
total cross sections near threshold. These were originally attributed to the strong pionic final–
state interactions in the Iππ = 0 channel. However, this conjecture turned out to be incorrect
when a complete higher order calculation of the threshold amplitudes D1,2 was performed [6].
In that paper, the relation between the threshold amplitudes D1 and D2 and the ππ S–wave
scattering lengths a00 and a
2
0 was investigated in the framework of heavy baryon chiral perturba-
tion theory to second order in the pion mass (which is the only small parameter at threshold).
The pion loop and pionic counterterm corrections only start contributing to the ππN threshold
amplitudes at third order in the chiral expansion. One of these counterterms, proportional to
the low–energy constant ℓ3, eventually allows to measure the scalar quark condensate, i.e. the
strength of the spontaneous chiral symmetry breaking in QCD. At that order, the largest con-
tributions to D1,2 stem from insertions of the dimension two chiral pion–nucleon Lagrangian,
which is characterized by a few low–energy constants called ci. In particular this is the case
for the amplitude D2. It appeared therefore natural to extend the same calculation above
threshold and to compare to the large body of data for the various reaction channels. It was
already shown by Beringer [4] that taking simply the relativistic Born terms does not suffice to
describe the total cross section data for incoming pion energies up to 400 MeV in most chan-
nels. In ref.[7] the relativistic pion–nucleon Lagrangian including all dimension two operators
#4These are related to the more commonly used A10 and A32 by A32 =
√
10D1 and A10 = −2D1 − 3D2, see
also section 3.1.
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was used, their coefficients being fixed from pion–nucleon scattering data and (sub)threshold
parameters. This parameter–free calculation lead to a satisfactory description of most existing
total and differential cross section data as well as angular correlation functions. While being
rather successful, that calculation could not give a definite answer to the questions concerning
the importance of loop effects (and thus the sensitivity to the pion–pion interaction beyond
tree level) and the convergence of the chiral expansion. Also, the amplitudes calculated from
the tree graphs in ref.[7] are, of course, purely real. How severe this approximation is can
only be judged after a one loop calculation above threshold has been performed. A first at-
tempt to include third order contributions above threshold in the framework of heavy baryon
chiral perturbation theory was described in ref.[8]. There, the pertinent one loop graphs and
insertions from the dimension three Lagrangian in the formulation of ref.[9] were calculated.
However, only three of the five physical channels were considered and the finite pieces of the
unknown dimension three low–energy constants were not determined but rather varied within
given generous bounds. It was claimed that the contribution from the chiral dimension three
amplitudes are large and play an essential role in the description of the data. Note that one
of the low–energy constants (LECs) varied in ref.[8] was shown to have a fixed coefficient in
ref.[10]. Also, no explicit formulae for the various third order contributions were given, so that
it is not possible to check the consistency of the amplitudes constructed there with the thresh-
old amplitudes obtained in [6]. For these reasons, we do not consider the results obtained in
ref.[8] as conclusive. In addition, there exist some model calculations which are only partly
constrained by chiral symmetry, see e.g. [11, 12]. The one closest in spirit to a chiral expansion
is the one of ref.[13], in which Beringer’s Born terms where supplemented by explicit ∆ and
Roper (tree) contributions. Clearly, the inclusion of the resonances as done in that paper is
not based on a consistent power counting scheme but rather it is argued that phenomenology
demands the extension of the effective Lagrangian to include these higher mass states.
Our objective is to perform a complete third order calculation using the minimal effective
pion–nucleon Lagrangian. In addition, we will use all available information about the appearing
LECs, in particular from the comprehensive study of elastic pion–nucleon scattering described
in ref.[10]. Throughout, we will work in the so–called standard scenario of spontaneous chiral
symmetry breaking, i.e. assuming a large scalar quark condensate. While the extension to the
small condensate case is in principle straightforward, we do not consider it in what follows. In
particular, our study allows to address the following questions:
i) How sensitive are the data in the threshold region to the ππ interaction beyond leading
order? Previous investigations seem to indicate that a better method to access the ππ
interaction is the use of Chew–Low techniques (see e.g. [14]) rather than a direct use of
the chirally expanded ππN threshold amplitudes (see e.g. refs.[6, 15]).
ii) How quickly does the chiral series converge? The previous analyses have not yet given a
unique answer to this, although the study of ref.[8] seems to indicate a slow convergence.
On the other hand, the results obtained in the relativistic tree level calculation in ref.[7]
could be taken as an indication that loop effects are not very important.
iii) At third order, new LECs appear. These can be determined from a fit to cross section
data. Are their values of natural size? If that is the case, it would also be interesting to
develop an understanding of the numerical values as it was done for the dimension two
LECs in ref.[16]. Furthermore, in ref.[6] resonance saturation was used to pin down the
order three LEC contribution to the threshold amplitude D2 and this procedure can be
made more precise when all LECs are determined from above threshold data.
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iv) Can the existing data be described consistently in chiral perturbation theory? So far,
mostly total cross section data and some angular distributions have been studied (with
the exception of the detailed angular correlation functions in the π−p→ π−π+n channel).
With the new TRIUMF data [15] and the more recent ones from CHAOS [17] on π±p→
π±π+n [15, 17], this data base has considerably increased and allows for detailed tests
on chiral pion–nucleon dynamics. In particular, we now have differential cross sections
with respect to the invariant dipion mass squared M2ππ, the squared momentum transfer
to the nucleon and the scattering angle between the two negative pions in the dipion
restframe [17].
1.3 Organization of the paper
This paper is organized as follows. In section 2 we briefly review the effective Lagrangian un-
derlying the calculation. Section 3 contains some formal aspects including the definition of the
T–matrix and of the pertinent observables. The chiral expansion of the invariant amplitudes is
performed in section 4. Section 5 contains the results and discussions thereof. In the appendix,
we give the explicit expressions for the amplitudes.
2 Effective Lagrangian
At low energies, the relevant degrees of freedom are hadrons, in particular the Goldstone bosons
linked to the spontaneous chiral symmetry breaking (for a review, see e.g. [3]). We consider here
the two flavor case and thus deal with the iso–triplet of pions, collected in the unitary matrix
U(x) = u2(x). It is straightforward to build an effective Lagrangian to describe their interac-
tions, called Lππ. This Lagrangian admits a dual expansion in small (external) momenta and
quark (meson) masses as detailed below. Matter fields such as nucleons can also be included in
the effective field theory based on the familiar notions of non–linearly realized chiral symmetry.
The pertinent effective Lagrangian called LπN consists of terms with exactly one nucleon in the
initial and the final state. The various terms contributing to a process under consideration are
organized according to their chiral dimension, which counts the number of derivatives and/or
meson mass insertions. Here, we work to third order in the corresponding small parameter q
(which is a generic symbol for an external momentum or pion mass). Consequently, the effective
Lagrangian consists of the following pieces:
Leff = L(2)ππ + L(4)ππ + L(1)πN + L(2)πN + L(3)πN , (2.1)
where the superscript (i) gives the chiral dimension. The relevant terms of the meson La-
grangian read
L(2)ππ =
F 2
4
〈∇µU∇µU † + χ+〉 , χ+ = u†χu† + uχ†u (2.2)
L(4)ππ =
ℓ1
4
〈∇µU∇µU †〉2 + ℓ2
4
〈∇µU∇νU †〉〈∇µU∇νU †〉+ ℓ3
16
〈χ+〉2
+
ℓ4
16
{
2〈∇µU∇µU †〉〈χ+〉+ 2〈χ†Uχ†U + χU †χU †〉 − 4〈χ†χ〉 − 〈χ+〉2
}
+ . . . (2.3)
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where the SU(2) matrix-valued field U(x) collects the iso–triplet pions,
U(x) =
1
F
[√
F 2 − ~π (x)2 + i~τ · ~π (x)
]
, (2.4)
with F the pion decay constant in the chiral limit and ∇µ = ∂µ + . . . is the pion covariant
derivative. Here, we only need the partial derivatives since we are not concerned with left–
or right–handed external vector currents. This representation of the pion fields, the so-called
σ-model gauge, is of particular convenience for calculations in the nucleon sector. The quantity
χ contains the light quark mass mu = md = mˆ
#5 and external scalar and pseudoscalar sources.
The ellipsis in eq.(2.3) stands for other terms of order q4 which do not contribute in our case.
The fourth order terms in the meson Lagrangian serve to cancel some of the divergences of
the loop diagrams and contain the mesonic low–energy constants ℓ1,2,3,4. The latter encode
information about the chiral corrections to the ππ scattering lengths. The finite pieces ℓri of
the low–energy constants ℓi in eq.(2.3) are renormalization scale dependent and are related to
the ℓ¯i of ref.[18] via (since both of these sets are used in the literature, it is pertinent to give
these relations)
ℓ¯i = 16αi π
2 ℓri (λ)− 2 ln
Mπ
λ
, α1 = 6 , α2 = 3 , α3 = −4 , α4 = 1 , (2.5)
and their actual values will be discussed later. Here, λ is the scale of dimensional regularization.
Let us now discuss in some more detail the terms appearing in the various parts of the pion–
nucleon Lagrangian, i.e. in L(1,2,3)πN . We make use of baryon chiral perturbation theory in the
heavy mass formulation [19, 20] (HBCHPT). The nucleons are considered as extremely heavy.
This allows to decompose the nucleon Dirac spinor into “large” (H) and “small” (h) components
Ψ(x) = e−imv·x{H(x) + h(x)} , (2.6)
with vµ the nucleon four-velocity, v
2 = 1, and the velocity eigenfields are defined via 6v H = H
and 6v h = −h.#6 Eliminating the “small” component field h (which generates 1/m corrections),
the leading order chiral πN Lagrangian reads
L(1)πN = H¯(iv ·D + gAS · u)H . (2.7)
Here, Dµ = ∂µ + Γµ denotes the nucleon chiral covariant derivative, Sµ is a covariant gener-
alization of the Pauli spin vector, gA the nucleon axial vector coupling constant (in the chiral
limit)#7 and uµ = iu
†∇µUu†. To leading one–loop accuracy, i.e. order O(q3), one has to
consider tree graphs from
Leff = L(1)πN + L(2)πN + L(3)πN (2.8)
and one–loop graphs with dimension one insertions only. The pertinent terms of L(2)πN read
L(2)πN = H¯
{
(v ·D)2
2m
− D
2
2m
− igA
2m
{S ·D, v · u}+ c1〈χ+〉
+
(
c2 − g
2
A
2m
)
(v · u)2 + c3u · u+
(
c4 +
1
4m
)
[Sµ, Sν ]uµuν + . . .
}
H . (2.9)
#5Throughout we will work in the isospin limit apart from kinematical corrections to be discussed later.
#6The role of vµ is to single out a particular reference frame, here the pi
a
N center–of–mass frame.
#7We do not display explicitly the “◦” commonly used to denote quantities in the chiral limit. The difference
between the physical and the chiral limit values has to be kept in mind since it enters the renormalization
discussed below.
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All terms in L(2)πN are finite. The corresponding LECs have been determined in refs.[16, 21, 10].
A physical interpretation of their numerical values can be found in ref.[16], where it is shown
that resonance saturation (mostly due to the ∆–resonance) can indeed explain the size of these
LECs. The first divergences appear at O(q3) in HBCHPT, the corresponding determinant has
been worked out by Ecker [23]. We use here the minimal form of the dimension three πN
Lagrangian as constructed in ref.[10]
L(3)πN = L(3), fixedπN +
23∑
i=1
di H¯OiH +
31∑
i=24
d˜i H¯O˜
div
i H ,
= H¯
{
O(3)fixed +O(3)ct +O(3)div
}
H , (2.10)
The first set contains terms which stem from the 1/m expansion of the various dimension one
and two operators and thus have fixed coefficients. Then there are 23 terms, from which 14 are
divergent. For our calculation, we need the following dimension three operators O
(3)
i ,
O(3)ct = i d1(λ) [uµ, [v ·D, uµ]] + i
(
d2(λ)− 1 + 8mc4
32m2
)
[uµ, [D
µ, v ·u]]
+ i
(
d3(λ) +
g2A
32m2
)
[v ·u, [v ·D, v ·u]] + i
(
d4(λ)− gA
64m2
)
ǫµναβvα〈uµuνuβ〉
+ d5(λ) [χ−, v ·u] + d10(λ)S ·u 〈u·u〉+ d11(λ)Sµuν〈uµuν〉
+
(
d12(λ)− 4gA(1 + 4mc4) + g
3
A
32m2
)
S ·u 〈(v ·u)2〉
+
(
d13(λ) +
2gA(1 + 4mc4) + g
3
A
16m2
)
Sµv ·u 〈uµv ·u〉
+ d14(λ) ǫ
µναβvαSβ〈[v ·D, uµ] uν〉+
(
d15 +
g2A
16m2
)
ǫµναβvαSβ〈uµ[Dν , v ·u]〉
+ d16(λ)S ·u 〈χ+〉+ i d18 Sµ[Dµ, χ−] (2.11)
For these divergent operators, we introduce scale–independent renormalized LECs,
d¯i = di − κi
(4πF )2
(
L(λ) + (4π)2 ln
λ
M
)
, (2.12)
with
L(λ) =
λd−4
16π2
{
1
d− 4 −
1
2
[
ln(4π) + Γ′(1) + 1
]}
. (2.13)
Note also that the operators O1 and O2 (O14 and O15) appear as a sum (difference) for πN →
ππN . Four combinations of counterterms (d¯1+ d¯2, d¯3, d¯5, d¯14− d¯15) have already been fixed from
pion–nucleon scattering data and d¯18 from the so–called Goldberger–Treiman discrepancy. In
addition, there are eight terms which are only necessary for the renormalization, and thus do
not appear in matrix elements of physical processes. To be precise, these terms stem solely
from the divergent part of the one–loop generating functional and have no (finite) counterparts
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in the relativistic theory. They read
O(3)div = d˜24(λ) i (v ·D)3 + d˜25(λ) v·
←
D S ·u v ·D + d˜26(λ) (i 〈u·u〉 v ·D+ h.c.)
+ d˜27(λ)
(
i 〈(v ·u)2〉 v ·D + h.c.
)
+ d˜28(λ) (i 〈χ+〉 v ·D + h.c.)
+ d˜29(λ) (S
µ[v ·D, uµ] v ·D + h.c.) + d˜30(λ)
(
ǫµναβvαSβ[uµ, uν ] v ·D + h.c.
)
.
(2.14)
All these terms are proportional to the nucleons equation of motion, ∼ v ·DH , and thus can
be transformed away by appropriate field redefinitions. For more details, see ref.[10].
3 Single pion production: Formal aspects
In this section, we outline the basic technical framework for the reaction πN → ππN above
threshold treating the nucleons as very heavy fields.
3.1 Invariant amplitudes
We seek the T–matrix for the process
πa(q1) +N(mv + p1)→ πb(q2) + πc(q3) +N(mv + p2) , (3.1)
with N denoting a nucleon (neutron or proton) and πa a pion of cartesian isospin a. Note that
this process is characterized by five independent four–momenta (or five Mandelstam variables).
It is most appropriate in terms of the chiral expansion to choose as variables the energies of the
out–going pions and the three invariant momentum transfers ti (i = 1, 2, 3) defined below. Since
we work in the framework of HBCHPT, the nucleon four–momenta are written in terms of a
conserved four–velocity v and small residual momenta p1,2, where small means v ·p1,2 ≪ m and
m is the nucleon mass. The πN → ππN transition matrix element can be expressed in terms
of four invariant amplitudes, denoted A, B, C and D [8], which depend on the five momenta
p1, p2, q1, q2 and q3
#8 as
T abcss′ = 〈Ns′(mv + p2) πb(q2) πc(q3) | T |Ns(mv + p1) πa(q1)〉
= N1N2 χs′
[
S · q1A+ S · q2B + S · q3 C + iǫµναβqµ1 qν2qα3 vβ D
]abc
χs , (3.2)
with χs the conventional two–spinor and
Ni =
√
Ei +m
2m
, (i = 1, 2) , (3.3)
the standard spinor normalization factors which are mandated by the matching to the rela-
tivistic theory if one works in the so–called Pauli interpretation of the heavy nucleon fields (a
detailed discussion of this topic can be found in ref.[22]). The invariant amplitudes are complex
functions of the momentum variables since in some of the one–loop graphs considered here, the
#8In what follows, we will suppress the dependence of the invariant amplitudes on the momenta.
7
intermediate pion–nucleon state can go on–shell. The pertinent tree graphs lead, of course, to
real amplitudes. The isospin decomposition of the invariant amplitudes reads
Xabc = τaδbcX1 + τ
bδacX2 + τ
cδabX3 + iǫ
abcX4 , X ∈ {A,B,C,D}. (3.4)
The following calculations can be simplified considerably if one notices that for most diagrams,
the amplitudes have the following symmetries under exchange of particles (note that for these
equations to hold, the momenta p1 and q1 have to be chosen in–coming and q2, p2 and p3
out–going):
A1(q1, q2, q3) = −B2(−q2,−q1, q3)
= −C3(−q3, q2,−q1) (3.5)
A2(q1, q2, q3) = A3(q1, q3, q2)
= −B1(−q2,−q1, q3)
= −C1(−q3,−q1, q2) (3.6)
B3(q1, q2, q3) = C2(q1, q3, q2) (3.7)
A4(q1, q2, q3) = B4(−q2,−q1, q3)
= −C4(−q3,−q1, q2) (3.8)
D1(q1, q2, q3) = −D2(−q2,−q1, q3)
= −D3(−q3, q2,−q1) , (3.9)
and in all these expressions the fixed values of p1,2 are not made explicit. Thus for these
diagrams it is enough to give the formulae of six amplitudes A1, A2, A4, B3, D1 and D4 in
order to construct the full T–matrix element. However, in the tree graphs with a dimension
two or three N¯Nππ vertex, these symmetries are not present. In these cases, there appear
expressions proportional to S · p1 and S · p2. In the center–of–mass (cm) frame these equal
−S · q1 and −S · (q2 + q3) respectively, which obviously leads to an inequivalent role played by
the pion momenta q1, q2 and q3. For such diagrams the amplitudes B1, B2, B4,D2 have to be
given in addition to the six discussed before in order to fully determine the T–matrix element.
The five experimentally accessible channels follow from the isospin amplitudes,
π+p→ π+π+n : X =
√
2 (X2 +X3) , (3.10)
π+p→ π+π0p : X = X3 +X4 , (3.11)
π−p→ π+π−n : X =
√
2 (X1 +X2) , (3.12)
π−p→ π0π0n : X =
√
2X1 , (3.13)
π−p→ π0π−p : X = X2 +X4 , (3.14)
for X ∈ {A,B,C,D}. We will calculate the amplitudes Xi in the isospin limit with the charged
pion mass (Mπ = 139.57MeV) and the proton mass (m = 938.27MeV). Isospin breaking is
accounted for in a minimal way by shifting the kinetic energy (in the laboratory system) of the
incoming pion, called Tπ, from the isospin symmetric threshold
T thr,isoπ = Mπ
(
1 +
3Mπ
2m
)
= 170.71 MeV (3.15)
to the correct threshold of the corresponding reaction. For the five channels given above, the
corresponding shift is δTπ = +1.68, −5.95, +1.68, −10.21 and −5.95MeV in the same order
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as in eqs.(3.10-3.14). Finally, we need the expressions of the two threshold quantities D1,2 in
terms of the invariant amplitudes defined above. At threshold, ~q2 = ~q3 = 0 and there are only
two amplitudes,
D1 = − i
2
N thr1 Athr2 = −
i
2
N thr1 Athr3 ,
D2 = − i
2
N thr1 Athr1 , (3.16)
with N thr1 = 1.006. The chiral expansion of D1 and D2 has already been considered to third
order, i.e. including all terms of orderM2π since the pion mass is the only dimensionful quantity
at threshold and the lowest order terms are non–vanishing in the chiral limit. To end this
paragraph, we note that from now on we use the energies of the outgoing pions and the three
invariant momentum transfers squared as kinematical variables, because ω2 = v ·q2, ω3 = v ·q3 =
O(q) and t1, t2, t3 = O(q2) have the expected chiral dimensions and consequently the residual
nucleon energies v · pi are of second order.
3.2 Observables
To calculate the total (unpolarized) cross section, we need the invariant matrix–element squared
multiplied by the appropriate weight functions. It reads
|M|2 = 1
2
∑
s,s′
T †ss′Tss′
=
1
4
[
A∗A (ω21 − q21) +B∗B (ω22 − q22) + C∗C (ω23 − q23) + (A∗B + AB∗) (ω1ω2 − q1 · q2)
+(A∗C + AC∗) (ω1ω3 − q1 · q3) + (B∗C +BC∗) (ω2ω3 − q2 · q3)
+4D∗D (w21 − q21)(w22 − q22)(w23 − q23)(1− x21)(1− x22)
(
1− (z − x1x2)
2
(1− x21)(1− x22)
) ]
,
(3.17)
where the angular variables x1,2 and z are defined below. The formulae for total and the double
and triple differential cross sections then become:
σtot(Tπ) =
4mS
(4π)4
√
Tπ(Tπ + 2Mπ)
∫ ∫
z2≤1
dω2dω3
∫ 1
−1
dx1
∫ π
0
dφ |M|2 , (3.18)
d2σ
dω2dΩ2
=
8m2S
(4π)5
√
s|~q1|
∫ ω+
3
ω−
3
dω3
∫ π
0
dφ |M|2 , (3.19)
d3σ
dω2dΩ2dΩ3
=
4m2|~q2||~q3|S
(4π)5
√
s|~q1|E˜3
|M|2 , (3.20)
with s = (m +Mπ)
2 + 2mTπ the total center–of–mass energy squared and ωi =
√
~q 2i +M
2
π .
S is a Bose symmetry factor, S = 1/2 for identical pions and S = 1 otherwise. Here, φ
is the (auxiliary) angle between the planes spanned by ~q2 and ~q1 as well as ~q2 and ~q3. In
accordance with the experimentalists convention, we have chosen the coordinate frame such
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that the incoming pion momentum ~q1 defines the z–direction, whereas ~q2 lies in the xz–plane.
The polar angles θ1 and θ2 of the outgoing pions (with xi = cos θi) are in general non–vanishing
and so is the azimuthal angle ϕ2 of π
c. By construction, the azimuthal angle of πb is zero.
Furthermore,
E˜3 = E3
(
1 +
∂E3
∂ω3
)
=
ω3(
1
2
(s−m2)−√s ω2) +M2π(ω2 + ω3 −
√
s)
ω23 −M2π
, (3.21)
The cosine of the angle between the two three–momenta of the outgoing pions, ~q2 and ~q3,
respectively, is given by
z = cos θ1 cos θ2 + sin θ1 sin θ2 cosϕ2 , (3.22)
and it can be used to express the energy ω3 as
ω3 =
1
2[(
√
s− ω1)2 − z2|~q2|2]
{
(
√
s− ω2)(s− 2
√
s ω1 −m2 + 2M2π)
−z|~q2|
√
(s− 2√s ω1 −m2)2 − 4M2π(m2 + (1− z2)|~q2|2)
}
. (3.23)
In the formula for the total cross section, eq.(3.18), the restriction z2 ≤ 1 is equivalent to
ω2 ∈ [I−1 , I+1 ], ω3 ∈ [ω−3 , ω+3 ], with
I−1 = Mπ , I
+
1 =
(
√
s−Mπ)2 −m2 +M2π
2(
√
s−Mπ) , (3.24)
ω±3 =
1
2(s− 2√sω2 +M2π)
[
(
√
s− ω2)(s− 2
√
sω2 −m2 + 2M2π)
±|~q2 |
√
(s− 2√sω2 −m2)2 − 4m2M2π
]
. (3.25)
To compare our calculation to the most recent TRIUMF data, other combinations of differen-
tial cross sections are needed. Consider first the differential cross section with respect to the
invariant mass of the final dipion system,
dσ
dM2ππ
=
mS
(4π)4
√
s|~q1 ||~q2 + ~q3 |
√
Tπ(Tπ + 2Mπ)
∫
dt
∫
dω2
∫ π
0
dφ′ |M|2 . (3.26)
The expression for d2σ/(dM2ππdt) can be easily deduced from eq.(3.26). Here, the integration
boundaries of t are given by
t± = M2π +M
2
ππ − 2ω1ω23 ± 2|~q1||~q2 + ~q3| , (3.27)
and ω23 is fully determined by M
2
ππ via
ω23 = ω2 + ω3 =
M2ππ + s−m2
2
√
s
. (3.28)
Consequently, ω2 is restricted to the overlap of the intervals [I
−
i , I
+
i ] (i = 1, 2) with
I±2 =
ω23
2
±
√√√√(ω223 −M2ππ)(M2ππ − 4M2π)
4M2ππ
. (3.29)
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Denoting by α the angle between ~q1 and ~q2 + ~q3 and by β the one between ~q2 and ~q2 + ~q3 , the
azimuthal angle φ′ is defined via
x1 = cosα cos β +
√
(1− cos2 α)(1− cos2 β) cosφ′ . (3.30)
The differential cross section with respect to t = (q1 − q2 − q3)2 reads
dσ
dt
=
mS
(4π)4
√
s|~q1 |
√
Tπ(Tπ + 2Mπ)
∫ dM2ππ
|~q2 + ~q3 |
∫
dω2
∫ π
0
dφ′ |M|2 . (3.31)
The kinematically allowed region for M2ππ is
M2ππ =
1
m2
{
t/2 (s+m2 −M2π) +m2M2π ± |~q1|
√
−s t (4m2 − t)
}
, (3.32)
and also M2ππ ∈ (4M2π , (
√
s−m)2). Finally, the last measured quantity is the single differential
cross section with respect to the scattering angle of the two outgoing pions, in the center-of-mass
frame of the outgoing two-pion system:
dσ
d cos θ
=
2mS
(4π)4
√
Tπ(Tπ + 2Mπ)
1√
s|~q1|
∫
dM2ππ
∫
d cosα
∫
dω2
|M|2
sinφ′
× |
~q′1||~q′2|
|~q2|
√
(1− cos2 α)(1− cos2 β)
, (3.33)
with ~q′1 = (~q1)CM and
~q′2 = (~q2)CM the pion momenta in the dipion cms, with magnitude
|~q′1|2 = (M4ππ − 2M2ππ(t + M2π) + (t −M2π)2)/4M2ππ and |~q′2|2 = (M2ππ − 4M2π)/4 respectively.
The necessary kinematic constraints are given by the two cosine functions. This completes the
necessary formalism for our calculation.
4 Chiral expansion
The effective Lagrangian described in section 2 can now be used to work out the chiral expansion
of the invariant amplitudes defined in eq.(3.2). Before discussing the explicit contributions, we
first display the general structure of the chiral expansion. All the invariant amplitudes take the
form
X = Xtree +X loop , (4.1)
where the tree terms are of dimension one, two and three whereas the loop graphs are of third
order only. Corrections not calculated here start at order q4. The corresponding tree graphs
are shown in figs. 1,2. Here, diagram 3p denotes a genuine third order counterterm specific to
pion production and the graph 3s embodies the next–to–leading order pion–pion interaction.
We note that many of the diagrams are simply elastic pion–nucleon scattering graphs with one
additional pion attached in all possible topologies. The one–loop graphs are split into tadpoles
(t1–t14 in fig.3) and so–called self–energy diagrams (s1–s35 in figs.4,5). A typical one–loop ππ
interaction is e.g. t13. We note again that many diagrams can be split into a πN graph with
an additional pion. This leads one to expect that a precise description of elastic pion–nucleon
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scattering is an important ingredient to the calculation performed here. As an important check
of our calculation we recover the explicit expressions for the two threshold amplitudes worked
out to this order in ref.[6]. The contribution from the tree graphs proportional to the dimension
three LECs was estimated via resonance saturation in ref.[6]. We are in the position to test this
assumption (see below). Of course, many of the loop graphs shown in figs.4,5 simply amount
to mass and coupling constant renormalization. This is by now a standard procedure and we
refrain from discussing it here in detail (see the appendix). Also, the appearing divergences
∼ 1/(d − 4), with d the number of space–time dimensions are of course cancelled by the
appropriate infinite contributions from the dimension four mesonic LECs and the dimension
three pion–nucleon LECs, first given in an overcomplete basis by Ecker [23], see section 2. This
procedure closely parallels the calculations described in detail in ref.[6]. It serves of course as
an important check of the calculation.
5 Results and discussion
We are now in the position to analyze the existing data within the framework laid out in the
previous section. We first discuss the fits which determine the LECs and then show predictions
and analyze in detail the chiral expansion, in terms of sensitivity to the ππ and πN interactions,
its convergence and related issues.
5.1 The fitting procedure
As stated in section 2, we have to deal in total with 19 independent combinations of LECs. We
take the values of the four mesonic LECs from ref.[24],
ℓr1(1GeV) = −5.95 , ℓr2(1GeV) = 4.35 , ℓr3(1GeV) = 1.64 , ℓr4(1GeV) = 2.29 , (5.2)
in units of 10−3. Although we did not perform a systematic calculation within the framework
of generalized CHPT (i.e. assuming a small value of the quark condensate), we can get an idea
about that approach by setting ℓ¯3 ≃ −70 [18], i.e. ℓr3(1 GeV) = 117 · 10−3. Clearly, this is by
no means a substitute for a complete calculation but should allow us to discuss some trends.
A full analysis based on GCHPT is, however, not the topic of this paper. Turning now to the
pion–nucleon sector, we note that the four dimension two LECs as well as five (combinations
of) dimension three meson–baryon LECs can e.g. be taken from Fit 2 of ref.[10],
c1 = −1.42 , c2 = 3.13 , c3 = −5.85 , c4 = 3.50 ,
d¯1 + d¯2 = 3.31 , d¯3 = −2.75 , d¯5 = −0.48 , d¯14 − d¯15 = −5.69 , d¯18 = −0.78 . (5.3)
The values for the ci and d¯i are in GeV
−1 and GeV−2, respectively. Therefore, we are left
with six genuine LECs which have to be fitted. These are d¯4, d¯10, d¯11, d¯12, d¯13 and d¯16. For
the fitting procedure, we only use data with Tπ < 250MeV. This rather large value is mainly
motivated by the fact that in the very near threshold region, say in the first 30 MeV above
the respective thresholds, there are essentially no data in the two channels π−p → π0π−p
and π+p → π0π+p. The total cross section data are taken from refs.[25]-[46]. Moreover,
there exist double differential cross section data from Los Alamos [47, 48] and the Erlangen
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group [49, 50, 51].#9 In ref.[49], a large amount of angular correlation functions are also given.
All these data refer to the π−p → π+π−n channel. In addition, there are the recent TRIUMF
data listed in the introduction. We have performed a series of fits based on different input
material. We refrain from describing all these in detail. What we will present here as results is
based on fits to the total (including the recent TRIUMF data) as well as the double differential
cross sections of refs.[47, 48]. In that way, we can predict the angular correlation functions of
ref.[49], the new TRIUMF data [14] and the total cross sections for Tπ > 250MeV. In these
fits, we have found almost perfect anticorrelations between the values of the LECs d¯10 and d¯12
as well as d¯9 and d¯11. Therefore, we can only determine four independent LECs. In table 1, we
give the results for various fits with all six LECs free and with one or two of them being fixed.
We observe that due to the large anticorrelations, the fit with all six LECs left free leads to
d¯i None fixed d¯11 = −5 d¯11 = d¯10 = −5
4 0.26± 2.29 1.60± 2.00 0.97± 2.00
10 −3.60± 4.52 −12.81± 3.11 fixed
11 −20.58± 5.90 fixed fixed
12 4.11± 4.32 12.25± 3.27 4.28± 0.45
13 22.00± 5.78 6.60± 0.36 6.08± 0.32
16 −4.70± 0.84 −3.67± 0.74 −3.84± 0.70
χ2/dof 2.20 2.25 2.29
Table 1: The dimension three LECs d¯i in GeV
−2 from the various fits as described in the text.
rather large values for some of the LECs. If one fixes two to any value of natural size, which
in our normalization is of order one, the remaining LECs come out to be of natural size too,
compare the last column in table 1. The uncertainties given in that table are the parabolic
errors of the MINUIT package and have to be taken with some caution. In what follows, we
will always use the values for the d¯i as given in the first column of table 1. In fig.6 we show the
fit to the total cross sections in all five physical channels and in fig.7 the corresponding double
differential cross sections. We note that there are some inconsistencies between the older and
more recent data, most pronounced in the two channels π+p → π+π+n and π−p → π+π−n.
Note also that the data of the OMICRON collaboration [33, 26] have been criticized concerning
the normalization. If we perform fits without these data, the χ2/dof only improves by one
permille. The LECs d¯i change mildly, the only appreciable difference is found for d¯4. This LEC
only appears in the amplitude D4, which contributes to the channels with one neutral pion in
the final state. The data from the OMICRON collaboration feature prominently in the process
π−p→ π0π−p which explains the sensitivity of the LEC d¯4. In what follows, we keep the data
of ref.[33, 26] in our data base. We have also performed fits using the LECs ci and d¯i from fits 1
and 3 of ref.[10]. The resulting dimension three LECs only change moderately and the χ2/dof
is 2.21, 2.20 and 2.20 for fits 1,2 and 3, in order. None of the conclusions drawn in the following
paragraphs depends on this choice, we always use the values from fit 2 given in eq.(5.3).
#9As described in [7], neither chiral perturbation theory nor any of the resonance models can describe the
double differential cross section data at
√
s = 1.301GeV from ref.[49]. We therefore decided not to use these in
the fit. Also, we do not use the unpublished data of refs.[50, 51].
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5.2 Predictions, further results and discussion
We now turn to the predictions. In fig.8 we show the total cross sections for incoming pion
momenta up to 400 MeV. Despite the large momentum transfers involved, the chiral description
works fairly well, in particular in the π−p → π+π−n channel. On the other hand, for the two
reactions π+p → π+π+n and π−p → π0π−p the chiral prediction overshoots the data for
energies larger than 300 MeV. The angular correlation functions as defined and given in ref.[49]
are mostly well described, see figs.9,10, with the exception of the smaller θ2 values, a trend
already observed in ref.[7]. If one insists that these data are also fitted, the χ2/dof worsens
considerably. The comparison to the recent TRIUMF data is shown in fig.11 for dσ/dM2ππ
and dσ/dt. Whereas the data in the π−p channel are mostly well reproduced, there are some
deviations for the π+p process, most notably in dσ/dM2ππ. The description of d
2σ/dtdM2ππ and
dσ/d cos θ is less good, we refrain from showing these. Again, if one includes these data in the
fit, the χ2/dof becomes intolerably large. This means that the presently existing data base
shows some inconsistencies, a fact which also limits the precision of our description based on
the chiral symmetry of QCD.
We now consider the chiral expansion in more detail. We remark that in three channels the
series seems to converge well (π+p → π+π+n, π+p → π+π0p and π−p → π0π−p), in the two
others (π−p → π+π−n and π−p → π0π0n) the third order corrections become large even close
to threshold. As two representatives of these classes, we show in the upper part of fig.12
the close to threshold region (Tπ ≤ 210MeV) for π+p → π+π+n (good convergence) and
π−p→ π+π−n (poor convergence). However, it is of importance to further analyze these third
order contributions. As shown in the lower part of fig.12, in all cases the contributions from the
loops and (in most cases) from the terms proportional to the dimension three LECs are small
(this holds also for the channels not shown in the figure). If the third order correction is large,
it comes entirely from the 1/m corrections to the tree graphs proportional to the dimension two
LECs ci and the ones with fixed coefficients. The smallness of the unitarity corrections is a very
important result. At first, it appears to be surprising since in elastic pion–nucleon scattering,
the loop contributions are sizeable (in some of the invariant amplitudes) already in the threshold
region. We note, however, that such terms appear with an additional pion line attached before
or after the πN → πN subprocess, which leads to sizeable cancelations in the imaginary parts
for the reactions considered here. This finding explains why the relativistic calculation based
on dimension one and two tree graphs of ref.[7] worked so well, since in that calculation all
imaginary parts were neglected. Similarly, the commonly used resonance models like e.g. the
one of the Valencia group [11] only acquire small imaginary parts from the finite width of
the resonances, which is built in by modifying the corresponding propagators. Our analysis
for the first time gives a reason why such a seemingly ad hoc procedure can work. Another
consequence concerns polarization observables, which usually stem from the interference of real
and imaginary parts of certain invariant amplitudes. In order to differentiate between different
approaches to a given reaction, one often has to analyze polarization data, one prominent
example being the multipole separation in pion photoproduction off nucleons. Due to the
intrinsic smallness of the imaginary parts for inelastic pion production, one should find out in
which polarization observables the small imaginary part is most efficiently amplified by the real
part of a large amplitude. In principle, the framework outlined here can be used to do that,
but due to the absence of polarization data, we refrain from discussing such an analysis here.
We now consider briefly the threshold amplitudes D1,2, as defined in eq.(3.16). In ref.[6] it was
found that no tree graphs with dimension three LECs generated from resonance excitation (via
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the dominant Roper resonance) contribute to D1, whereas two distinct terms were considered for
D2. The first is linked to the deviation from the Goldberger–Treiman relation and corresponds
to our term ∼ d¯18, the second one was the contribution due to the Roper decay N⋆(1440) →
N(ππ)S, where the two pions are in a relative S–wave. The uncertainty related to this decay
in fact was the largest source of theoretical uncertainty for the chiral description of D2. In our
more general approach, we also have a contribution from the dimension three LECs to D1. If
we convert our central values and errors of the corresponding d¯i (i 6= 18) into the contribution
to D1,2, we find
Dd¯i1 = (0.27± 0.07) fm3 , Dd¯i2 = (−1.60± 0.15) fm3 , (5.4)
which is within 1.5 σ of the result of ref.[6] based on Roper excitation, DN⋆2 = (−0.40±0.90) fm3.
In addition, we have a smaller contribution to D1, which is however of the same size as the
other contributions form the loops, ci and the ℓ¯i terms, cf. table 2 of ref.[6]. The theoretical
uncertainties in eq.(5.4) have been obtained from the MINUIT uncertainties in the d¯i taking
into account the correlation matrix.
Finally, we consider the sensitivity to the LEC ℓ¯3. In fig.13 we show total cross sections for
the two channels π+p→ π+π+n and π−p→ π0π0n at Tπ ≤ 220MeV (which have already been
investigated in the study of the low–energy theorems [5]). In both cases the error bars of the
recent data are smaller than the difference in the curves with ℓ¯3 = 2.9 (standard case) and
−70 (generalized case), in order. A similar trend is observed for the differential cross sections
dσ/dt (at Tπ = 220, 240MeV) , which have been used in ref.[14] to extract a
0
0 by Chew–Low
techniques. Our analysis tends to support the finding of ref.[6], namely that one can extract a00
from the threshold data, but with an uncertainty which includes both the standard as well as
the generalized scenario. Presumably, a study of polarization observables would give a better
handle on this question. In ref.[6], a smaller theoretical uncertainty on a20 was given, based on
the observation that there is no N∗(1440) contribution to the threshold amplitude D1. Taking
into account the additional contribution given in eq.(5.4), we conclude that the theoretical
uncertainty for a20 was underestimated in ref.[6].
6 Summary
We have performed a complete third order calculation of the reaction πN → ππN in heavy
baryon chiral perturbation theory based on the minimal Lagrangian developed in ref.[10]. We
had to consider 26 different tree graphs and 49 one loop topologies as displayed in figs. 1-5.
Note that the tree contributions with fixed coefficients are obtained from the 1/m expansion
of the relativistic amplitudes. The pertinent results of this investigation can be summarized as
follows:
i) We have used the total cross sections in all five physical channels (for Tπ ≤ 250MeV,
with Tπ the kinetic energy of the incoming pion in the laboratory frame) and the older
double differential cross sections d2σ/dΩdT for the process π−p → π+π−n to fit the six
new dimension three LECs. The other four dimension two and five (combinations of)
dimension three LECs were taken from the study of elastic πN scattering in ref.[10]. We
observe that the values of two pairs of these LECs are almost perfectly anticorrelated, so
that only four LECs can be determined. They come out of natural size.
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ii) Using this input, we predict the total cross sections for energies up to Tπ = 400MeV. We
find an excellent description of the π−p→ π+π−n channel whereas the largest deviations
are seen for the process π+p → π+π+n, see fig.8. The angular correlation functions for
π−p→ π+π−n can be satisfactorily reproduced, with the exception of the small θ2 angles,
cf. figs.9,10. In addition, most of the recent TRIUMF data on dσ/dM2ππ, dσ/dt, dσ/d cos θ
and d2σ/dtdM2ππ can also be reproduced.
iii) At third order, the contribution from the loop graphs is essentially negligible. Unitarity
corrections therefore play no role. This allows one to understand why resonance models
like in refs.[11, 12] work fairly well even in the threshold region (although these are not
as precise as the calculation presented here). The effect of the terms proportional to the
dimension three LECs is somewhat more pronounced. By far the largest contribution
at this order comes from the 1/m corrections to the dimension two LECs ci and the
1/m2 corrections with fixed coefficients. This together with the smallness of the loop
contributions explains why the tree calculation in ref.[7] works so well. It also means that
by far the most important terms are the pion–nucleon subgraphs with an additional pion
added in all possible topologies.
iv) Our study is based on the standard scenario of chiral symmetry breaking where a quark
mass insertion is counted as second order in the chiral expansion. This reflects itself in
the natural size of the mesonic LECs ℓ¯1,2,3,4 used here. The generalized scenario with
mq ∼ O(q) can be modeled by setting ℓ¯3 ≃ −70 [18].#10 Keeping all other mesonic and
baryonic LECs fixed, we have studied the sensitivity of the total and differential cross
sections as well as the angular correlation functions to the value of ℓ¯3. We conclude that
one is not able to pin down the LEC ℓ¯3 with sufficient accuracy to discriminate between
the two scenarios of chiral symmetry breaking by just comparing the observables directly
with chiral analysis (which is of course different from applying Chew–Low techniques).
We have also evaluated the dimension three counterterm contributions to the threshold
amplitudes and discussed the resonance saturation approximation used in ref.[6].
There are two directions in which the study presented here should be extended. First, it
would be interesting to study the sensitivity to polarization. In particular, it is conceivable
that some polarization observables will be more sensitive to the pion–pion interaction than
the unpolarized observables studied here. Second, a complete one–loop calculation requires to
include the fourth order terms. For doing that, one first has to work out elastic pion–nucleon
scattering to that order. Such investigations are underway and we hope to report on their
results soon.
#10Clearly, this can not substitute for a detailed study within generalized CHPT. Such a procedure should,
however, be sufficient for simply getting an idea about the sensitivity to the pipi interaction.
A Contributions to the invariant amplitudes
In this appendix, we explicitly give the contributions from the tree and loop graphs shown in
figs 1–5 to the invariant amplitudes A,B,C and D. Only the minimal number of non–vanishing
amplitudes as explained in section 3 is given.
The calculation of the Born amplitude with fixed coefficients has been done by 1/m expansion
of the relativistic amplitude. In this expansion, ω2 and ω3 have been treated as quantities of
order q, t1 = (q1 − q2)2, t2 = (q1 − q3)2 and t3 = (q2 + q3)2 = M2ππ count as O(q2). As a
consequence,
v · p1 = (ω2 + ω3)
2 −M2π
2m
+ . . . = O(q2) , (A.1)
v · p2 = (ω2 + ω3)
2 − t3
2m
+ . . . = O(q2) , (A.2)
ω1 = (ω2 + ω3) +O(q2) , (A.3)
where the ellipsis denotes higher order terms. In diagrams 3a, 3b, 3n and 3o, there appear
expressions in S · p1 = −S · q1 and S · p2 = −S · (q2 + q3). As stated before, for these diagrams
the amplitudes B1,B2,B4,D2 have to be given in addition to the six usual ones, in order to fully
determine the T-matrix element.
1. Counterterm amplitudes
Diagrams 2a+2b:
A1 = −i gA
F 3
v · (p1 + p2)
[
− 1
ω21
(−4c1M2 − 2c2ω2ω3 − 2c3q2 · q3)
+c4(ω2ω3 − q2 · q3)
(
1
ω22
+
1
ω23
)]
A2 = i
gA
F 3
c4(ω2ω3 − q2 · q3)v · (p1 + p2)
ω23
A4 = i
gA
F 3
c4(ω2ω3 − q2 · q3)
[
2
ω2
− 2
ω3
+ v · (p1 − p2)
(
1
ω22
− 1
ω23
)]
B3 = i
gA
F 3
c4(ω1ω3 − q1 · q3)v · (p1 + p2)
ω21
D1 = i
gA
2F 3
c4
[
2
ω2
− 2
ω3
+ v · (p1 − p2)
(
1
ω22
− 1
ω23
)]
D4 = −i gA
2F 3
c4v · (p1 + p2)
(
1
ω21
+
1
ω22
+
1
ω23
)
(A.4)
Diagrams 3a+3b:
A1 = −i gA
mF 3
c4[ω1(ω2 + ω3)− ω22 − ω23 − q1 · (q2 + q3) + 2M2]
A2 = −i gA
mF 3
[−4c1M2 + 2c2ω1ω3 + 2c3q1 · q3 − c4(ω1ω2 − ω22 − q1 · q2 +M2)]
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A4 = i
gA
mF 3
c4[ω1(ω3 − ω2) + ω23 − ω22 − q1 · (q3 − q2)]
B1 = i
gA
mF 3
[−4c1M2 − 2c2ω2ω3 − 2c3q2 · q3 − c4(ω1ω2 − ω21 − q1 · q2 +M2)]
B2 = −i gA
mF 3
c4[ω2(ω3 − ω1) + ω23 + ω21 − q2 · (q3 − q1)− 2M2]
B3 = i
gA
mF 3
[−4c1M2 + 2c2ω1ω2 + 2c3q1 · q2 + c4(ω2ω3 + ω23 − q2 · q3 −M2)]
B4 = i
gA
mF 3
c4[(ω1 + ω3)(ω1 + ω2 + ω3)− (q1 + q3) · (q1 + q2 + q3)]
D2 = i
gA
mF 3
c4
D1 = D4 = 0
(A.5)
Diagrams 3c+3d:
A1 = −i gA
2mF 3
[
(ω1 + ω2 + ω3)
2 − (q1 + q2 + q3)2
ω21
(−4c1M2 − 2c2ω2ω3 − 2c3q2 · q3)
−c4(ω2ω3 − q2 · q3)
(
(ω1 + ω2)
2 + ω23 − (q1 + q2)2 −M2
ω22
+
(ω1 + ω3)
2 + ω22 − (q1 + q3)2 −M2
ω23
)]
A2 = −i gA
2mF 3
c4(ω2ω3 − q2 · q3)(ω1 + ω3)
2 + ω22 − (q1 + q3)2 −M2
ω23
A4 = −i gA
2mF 3
c4(ω2ω3 − q2 · q3)
(
(ω1 + ω2)
2 − ω23 − (q1 + q2)2 +M2
ω22
−(ω1 + ω3)
2 − ω22 − (q1 + q3)2 +M2
ω23
)
B3 = −i gA
2mF 3
c4(ω1ω3 − q1 · q3)(ω1 + ω2 + ω3)
2 − (q1 + q2 + q3)2
ω21
D1 = −i gA
4mF 3
c4(
(ω1 + ω2)
2 − ω23 − (q1 + q2)2 +M2
ω22
− (ω1 + ω3)
2 − ω22 − (q1 + q3)2 +M2
ω23
)
D4 = i
gA
4mF 3
c4
(
(ω1 + ω2 + ω3)
2 − (q1 + q2 + q3)2
ω21
+
(ω1 + ω2)
2 + ω23 − (q1 + q2)2 −M2
ω22
+
(ω1 + ω3)
2 + ω22 − (q1 + q3)2 −M2
ω23
)
(A.6)
Diagrams 3e+3f+3g:
A1 = −i g
2
A
2F 3
(ω2ω3 − q2 · q3)
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[
1
ω1ω3
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω3 + d˜29(λ)(ω21 + ω22 + ω23))
− 1
ω2ω3
(12M2d16(λ)− 6M2d18 − d˜25(λ)ω2ω3 + d˜29(λ)(ω21 + ω22 + ω23))
+
1
ω1ω2
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω2 + d˜29(λ)(ω21 + ω22 + ω23))
]
A2 = −i g
2
A
2F 3
(ω2ω3 − q2 · q3)[
− 1
ω1ω3
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω3 + d˜29(λ)(ω21 + ω22 + ω23))
+
1
ω2ω3
(12M2d16(λ)− 6M2d18 − d˜25(λ)ω2ω3 + d˜29(λ)(ω21 + ω22 + ω23))
+
1
ω1ω2
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω2 + d˜29(λ)(ω21 + ω22 + ω23))
]
B3 = i
g2A
2F 3
(ω1ω3 − q1 · q3)[
1
ω1ω3
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω3 + d˜29(λ)(ω21 + ω22 + ω23))
+
1
ω2ω3
(12M2d16(λ)− 6M2d18 − d˜25(λ)ω2ω3 + d˜29(λ)(ω21 + ω22 + ω23))
+
1
ω1ω2
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω2 + d˜29(λ)(ω21 + ω22 + ω23))
]
D4 = −i g
2
A
4F 3[
1
ω1ω3
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω3 + d˜29(λ)(ω21 + ω22 + ω23))
− 1
ω2ω3
(12M2d16(λ)− 6M2d18 − d˜25(λ)ω2ω3 + d˜29(λ)(ω21 + ω22 + ω23))
+
1
ω1ω2
(12M2d16(λ)− 6M2d18 + d˜25(λ)ω1ω2 + d˜29(λ)(ω21 + ω22 + ω23))
]
A4 = D1 = 0 (A.7)
Diagrams 3h+3i:
A1 = −i g
3
A
2F 3
(ω2ω3 − q2 · q3)
[
1
ω1ω3
(d˜24(λ)(ω
2
1 + ω
2
3) + 16M
2d˜28(λ))
+
1
ω1ω2
(d˜24(λ)(ω
2
1 + ω
2
2) + 16M
2d˜28(λ))− 1
ω2ω3
(d˜24(λ)(ω
2
2 + ω
2
3) + 16M
2d˜28(λ))
]
A2 = −i g
3
A
2F 3
(ω2ω3 − q2 · q3)
[
− 1
ω1ω3
(d˜24(λ)(ω
2
1 + ω
2
3) + 16M
2d˜28(λ))
+
1
ω1ω2
(d˜24(λ)(ω
2
1 + ω
2
2) + 16M
2d˜28(λ)) +
1
ω2ω3
(d˜24(λ)(ω
2
2 + ω
2
3) + 16M
2d˜28(λ))
]
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A4 = 0
B3 = i
g3A
2F 3
(ω1ω3 − q1 · q3)
[
1
ω1ω3
(d˜24(λ)(ω
2
1 + ω
2
3) + 16M
2d˜28(λ))
+
1
ω1ω2
(d˜24(λ)(ω
2
1 + ω
2
2) + 16M
2d˜28(λ)) +
1
ω2ω3
(d˜24(λ)(ω
2
2 + ω
2
3) + 16M
2d˜28(λ))
]
D4 = −i g
3
A
4F 3
[
1
ω1ω3
(d˜24(λ)(ω
2
1 + ω
2
3) + 16M
2d˜28(λ))
+
1
ω1ω2
(d˜24(λ)(ω
2
1 + ω
2
2) + 16M
2d˜28(λ))− 1
ω2ω3
(d˜24(λ)(ω
2
2 + ω
2
3) + 16M
2d˜28(λ))
]
D1 = 0 (A.8)
Diagrams 3j+3k:
A2 = −i 1
2F 3
ω2 − ω3
ω1
(4M2d16(λ)− 2M2d18)
B3 = −i 1
2F 3
ω1 + ω3
ω2
(4M2d16(λ)− 2M2d18)
A1 = A4 = D1 = D4 = 0 (A.9)
Diagrams 3l+3m:
A2 = −i gA
2F 3
ω2 − ω3
ω1
(d˜24(λ)ω
2
1 − 8M2d˜28(λ))
B3 = −i gA
2F 3
ω1 + ω3
ω2
(d˜24(λ)ω
2
2 − 8M2d˜28(λ))
A1 = A4 = D1 = D4 = 0 (A.10)
Diagrams 3n+3o:
A1 = i
gA
F 3
[
2
c2
m
ω2q1 · q3 + ω3q1 · q2
ω1
− c4
m
(
ω3(ω
2
2 −M2)
ω2
+
ω2(ω
2
3 −M2)
ω3
)
+8d˜26(λ)q2 · q3 + 8d˜27(λ)ω2ω3 + 8M2d˜28(λ)− 8d˜30(λ)(ω2ω3 − q2 · q3)
]
A2 = i
gA
F 3
[
c4
m
(
−(ω2 − ω3)(q2 · q3 +M
2) + ω3q1 · q2 − ω2q1 · q3
ω1
+
ω2(ω
2
3 −M2)
ω3
)
+4(d1(λ) + d2)
(ω2 − ω3)q2 · q3
ω1
+ 4d3(λ)
(ω2 − ω3)ω2ω3
ω1
− 8M2d5(λ)(ω2 − ω3)
ω1
+2(d14(λ)− d15)(ω1 + ω3)(ω2ω3 − q2 · q3)
ω2
+
1
2
d˜24(λ)ω1(ω2 − ω3)
−4M2d˜28(λ)ω2 − ω3
ω1
+ 4d˜30(λ)(ω2ω3 − q2 · q3)
]
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A4 = i
gA
mF 3
c4
[
ω3q1 · q2 − ω2q1 · q3
ω1
+
(ω1 + ω3)(ω2ω3 − q2 · q3) + ω3(ω22 −M2)
ω2
−(ω1 + ω2)(ω2ω3 − q2 · q3) + ω2(ω
2
3 −M2)
ω3
]
B1 = i
gA
F 3
[
c4
m
(−(ω1 + ω3)(q1 · q3 −M2)− ω3q1 · q2 + ω1q2 · q3
ω2
+
ω1(ω
2
3 −M2)
ω3
)
+4(d1(λ) + d2)
(ω1 + ω3)q1 · q3
ω2
+ 4d3(λ)
(ω1 + ω3)ω1ω3
ω2
+ 8M2d5(λ)
(ω1 + ω3)
ω2
+2(d14(λ)− d15)(ω2 − ω3)(ω1ω3 − q1 · q3)
ω1
− 1
2
d˜24(λ)ω2(ω1 + ω3)
+4M2d˜28(λ)
ω1 + ω3
ω2
+ 4d˜30(λ)(ω1ω3 − q1 · q3)
]
B2 = i
gA
F 3
[
2
c2
m
ω1q2 · q3 + ω3q1 · q2
ω2
− c4
m
(
ω3(ω
2
1 −M2)
ω1
+
ω1(ω
2
3 −M2)
ω3
)
+8d˜26(λ)q1 · q3 + 8d˜27(λ)ω1ω3 − 8M2d˜28(λ)− 8d˜30(λ)(ω1ω3 − q1 · q3)
]
B3 = i
gA
F 3
[
c4
m
(
ω3(ω
2
1 −M2)
ω1
+
(ω1 + ω3)(q1 · q3 −M2) + ω3q1 · q2 − ω1q2 · q3
ω2
)
−4(d1(λ) + d2)(ω1 + ω3)q1 · q3
ω2
− 4d3(λ)(ω1 + ω3)ω1ω3
ω2
− 8M2d5(λ)(ω1 + ω3)
ω2
−2(d14(λ)− d15)(ω1 + ω2)(ω1ω3 − q1 · q3)
ω3
+
1
2
d˜24(λ)ω2(ω1 + ω3)
−4M2d˜28(λ)ω1 + ω3
ω2
+ 4d˜30(λ)(ω1ω3 − q1 · q3)
]
B4 = i
gA
mF 3
c4
[
(ω2 + ω3)(ω1ω3 − q1 · q3) + ω3(ω21 −M2)
ω1
+
ω3q1 · q2 − ω1q2 · q3
ω2
+
(ω1 + ω2)(ω1ω3 − q1 · q3) + ω1(ω23 −M2)
ω3
]
D1 = i
gA
2mF 3
c4
[
ω1 + ω3
ω2
− ω1 + ω2
ω3
]
D2 = i
gA
2mF 3
c4
[
ω2 + ω3
ω1
+
ω1 + ω2
ω3
]
D4 = −6i gA
F 3
d˜30(λ) (A.11)
Diagram 3p:
A1 =
i
F 3
[
2
c4
m
gAω2ω3 − 4d10(λ)q2 · q3 − 4d12(λ)ω2ω3 − 4M2d16(λ) + 2M2d18
]
A2 =
i
F 3
[
− c4
m
gAω2ω3 − 2d11(λ)q2 · q3 − 2d13(λ)ω2ω3 + 2M2d16(λ)−M2d18
21
+
1
2
d˜29(λ)(ω
2
2 − ω23)
]
B3 =
i
F 3
[
− c4
m
gAω1ω3 − 2d11(λ)q1 · q3 − 2d13(λ)ω1ω3 − 2M2d16(λ) +M2d18
+
1
2
d˜29(λ)(ω
2
1 − ω23)
]
D4 =
i
F 3
12d4(λ)
A4 = D1 = 0 (A.12)
Diagram 3q:
A1 = − i
F 3
1
(q1 − q2 − q3)2 −M2 [4M
2d16(λ)− 2M2d18](t3 −M2)
A2 = − i
F 3
1
(q1 − q2 − q3)2 −M2 [4M
2d16(λ)− 2M2d18](t2 −M2)
B3 =
i
F 3
1
(q1 − q2 − q3)2 −M2 [4M
2d16(λ)− 2M2d18](t1 −M2)
A4 = D1 = D4 = 0 (A.13)
Diagram 3r: Combine with diagrams R1e and s35.
Diagram 3s:
A1 = −i gA
F 5
1
(q1 − q2 − q3)2 −M2
[
8ℓ1q1 · (q2 + q3 − q1)q2 · q3
+4ℓ2[q3 · (q2 + q3 − q1)q1 · q2 + q2 · (q2 + q3 − q1)q1 · q3]
+2M2ℓ4[q1 · (q2 + q3 − q1) + q2 · q3 + (q2 + q3)2]
]
A2 = −i gA
F 5
1
(q1 − q2 − q3)2 −M2
[
8ℓ1q2 · (q2 + q3 − q1)q1 · q3
+4ℓ2[q3 · (q2 + q3 − q1)q1 · q2 + q1 · (q2 + q3 − q1)q2 · q3]
−2M2ℓ4[q2 · (q2 + q3 − q1) + q1 · q3 − (q1 − q3)2]
]
B3 = i
gA
F 5
1
(q1 − q2 − q3)2 −M2
[
8ℓ1q3 · (q2 + q3 − q1)q1 · q2
+4ℓ2[q2 · (q2 + q3 − q1)q1 · q3 + q1 · (q2 + q3 − q1)q2 · q3]
−2M2ℓ4[q3 · (q2 + q3 − q1) + q1 · q2 − (q1 − q2)2]
]
A4 = D1 = D4 = 0 (A.14)
2. Tadpoles
22
We use the loop functions as defined in ref.[21].
Diagrams t1+t2+t3:
A1 = −3i
4
g3A
F 5
(ω2ω3 − q2 · q3)∆π
(
1
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)
A2 = −3i
4
g3A
F 5
(ω2ω3 − q2 · q3)∆π
(
1
ω1ω2
− 1
ω1ω3
+
1
ω2ω3
)
B3 =
3i
4
g3A
F 5
(ω1ω3 − q1 · q3)∆π
(
1
ω1ω2
+
1
ω1ω3
+
1
ω2ω3
)
D4 = −3i
8
g3A
F 5
∆π
(
1
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)
A4 = D1 = 0 (A.15)
Diagrams t4+t5:
A2 = − i
4
gA
F 5
∆π
ω2 − ω3
ω1
B3 = − i
4
gA
F 5
∆π
ω1 + ω3
ω2
A1 = A4 = D1 = D4 = 0 (A.16)
Diagrams t6+t7:
A2 = −5i
8
gA
F 5
∆π
ω2 − ω3
ω1
B3 = −5i
8
gA
F 5
∆π
ω1 + ω3
ω2
A1 = A4 = D1 = D4 = 0 (A.17)
Diagrams t8+t9:
A2 = i
gA
F 5
ω2 − ω3
ω1
I2(t3)
B3 = i
gA
F 5
ω1 + ω3
ω2
I2(t2)
A1 = A4 = D1 = D4 = 0 (A.18)
Diagram t10:
A1 =
i
4
gA
F 5
{
2(t3 −M2)I0(t3)
+
1
3
[(
3q1 · q3 − t2
2
+ 2M2
)
I0(t2)− 4∆π + 1
16π2
(
2M2 − t2
3
)]
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+
1
3
[(
3q1 · q2 − t1
2
+ 2M2
)
I0(t1)− 4∆π + 1
16π2
(
2M2 − t1
3
)]}
A2 =
i
4
gA
F 5
{
(2M2 − t3)I0(t3)− 2∆π + (3t2 − 2M2)I0(t2)− 2∆π
−1
3
[(
−3q1 · q2 − t1
2
+ 2M2
)
I0(t1) + 2∆π +
1
16π2
(
2M2 − t1
3
)]}
B3 =
i
4
gA
F 5
{
1
3
[(
3q2 · q3 − t3
2
+ 2M2
)
I0(t3) + 2∆π +
1
16π2
(
2M2 − t3
3
)]
−(2M2 − t2
2
)I0(t2) + 2∆π − (3t1 − 2M2)I0(t1) + 2∆π
}
A4 = D1 = D4 = 0 (A.19)
Diagram t11:
A1 =
3i
4
gA
F 5
∆π
A2 =
21i
8
gA
F 5
∆π
B3 = −21i
8
gA
F 5
∆π
A4 = D1 = D4 = 0 (A.20)
Diagram t12:
A1 = −i gA
2F 5
1
(q1 − q2 − q3)2 −M2∆π(t3 −M
2)
A2 = −i gA
2F 5
1
(q1 − q2 − q3)2 −M2∆π(t2 −M
2)
B3 = i
gA
2F 5
1
(q1 − q2 − q3)2 −M2∆π(t1 −M
2)
A4 = D1 = D4 = 0 (A.21)
Diagram t13:
A1 = −i gA
2F 5
1
(q1 − q2 − q3)2 −M2{
(t3 −M2)[I0(t3)(2t3 +M2 − 2q1 · (q2 + q3))− 4∆π]
+I0(t2)[M
2(2M2 − t2) + q1 · q2
3
(4t2 − 10M2)− q2 · q3
3
(2t2 − 2M2)]
+∆π(−4M2 + 8
3
q1 · q2 − 4
3
q2 · q3)− 1
72π2
(6M2 − t2)q2 · (q1 + q3)
+I0(t1)[M
2(2M2 − t1) + q1 · q3
3
(4t1 − 10M2)− q2 · q3
3
(2t1 − 2M2)]
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+∆π(−4M2 + 8
3
q1 · q3 − 4
3
q2 · q3)− 1
72π2
(6M2 − t1)q3 · (q1 + q2)
}
A2 = −i gA
2F 5
1
(q1 − q2 − q3)2 −M2{
I0(t3)[M
2(2M2 − t3) + q1 · q2
3
(4t3 − 10M2) + q1 · q3
3
(2t3 − 2M2)]
+∆π(−4M2 + 8
3
q1 · q2 + 4
3
q1 · q3)− 1
72π2
(6M2 − t3)q1 · (q2 − q3)
+(t2 −M2)[I0(t2)(2t2 +M2 − 2q2 · (q1 − q3))− 4∆π]
+I0(t1)[M
2(2M2 − t1)− q2 · q3
3
(4t1 − 10M2) + q1 · q3
3
(2t1 − 2M2)]
+∆π(−4M2 − 8
3
q2 · q3 + 4
3
q1 · q3) + 1
72π2
(6M2 − t1)q3 · (q1 + q2)
}
B3 = i
gA
2F 5
1
(q1 − q2 − q3)2 −M2{
I0(t3)[M
2(2M2 − t3) + q1 · q3
3
(4t3 − 10M2) + q1 · q2
3
(2t3 − 2M2)]
+∆π(−4M2 + 8
3
q1 · q3 + 4
3
q1 · q2)− 1
72π2
(6M2 − t3)q1 · (q3 − q2)
+I0(t2)[M
2(2M2 − t2)− q2 · q3
3
(4t2 − 10M2) + q1 · q2
3
(2t2 − 2M2)]
+∆π(−4M2 − 8
3
q2 · q3 + 4
3
q1 · q2) + 1
72π2
(6M2 − t2)q2 · (q1 + q3)
+(t1 −M2)[I0(t1)(2t1 +M2 − 2q3 · (q1 − q2))− 4∆π]
}
A4 = D1 = D4 = 0 (A.22)
Diagram t14:
A1 = i
gA
F 5
1
(q1 − q2 − q3)2 −M2∆π
[
−5t3 + 7
2
M2 − (q2 + q3 − q1)2
]
A2 = i
gA
F 5
1
(q1 − q2 − q3)2 −M2∆π
[
−5t2 + 7
2
M2 − (q2 + q3 − q1)2
]
B3 = −i gA
F 5
1
(q1 − q2 − q3)2 −M2∆π
[
−5t1 + 7
2
M2 − (q2 + q3 − q1)2
]
A4 = D1 = D4 = 0 (A.23)
3. Self–energies
We use the loop functions as defined in ref.[21].
Diagrams s1+s3:
A1 = − i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
) [
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
+
1
ω3
)
25
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
1
ω1
− 1
ω2
)]
A2 = − i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
) [
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
− 1
ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
+
1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
− 1
ω1
+
1
ω2
)]
A4 = − i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
) [
J2(ω1) + J2(−ω1)− 2J2(0)
ω21
(
1
ω2
− 1
ω3
)
+
J2(ω2) + J2(−ω2)− 2J2(0)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3) + J2(−ω3)− 2J2(0)
ω23
(
− 1
ω1
+
1
ω2
)]
B3 =
i
4
(
gA
F
)5
(ω1ω3 − q1 · q3)
(
S2 +
1
2
)[
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
+
1
ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
+
1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
1
ω1
+
1
ω2
)]
D1 = − i
8
(
gA
F
)5 (
S2 +
1
2
) [
J2(ω1) + J2(−ω1)− 2J2(0)
ω21
(
1
ω2
− 1
ω3
)
+
J2(ω2) + J2(−ω2)− 2J2(0)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3) + J2(−ω3)− 2J2(0)
ω23
(
− 1
ω1
+
1
ω2
)]
D4 = − i
8
(
gA
F
)5 (
S2 +
1
2
) [
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
+
1
ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
1
ω1
− 1
ω2
)]
(A.24)
Diagram s2:
A1 = − i
2ω1ω2ω3
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
)
[
(J2(ω1)− J2(−ω1))− (J2(ω2)− J2(−ω2))− (J2(ω3)− J2(−ω3))
]
A2 = − i
2ω1ω2ω3
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
)
(J2(ω3)− J2(−ω3))
A4 = − i
2ω1ω2ω3
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
)
[
− (J2(ω2) + J2(−ω2)) + (J2(ω3) + J2(−ω3))
]
B3 =
i
2ω1ω2ω3
(
gA
F
)5
(ω1ω3 − q1 · q3)
(
S2 +
1
2
)
(J2(ω1)− J2(−ω1))
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D1 = − i
4ω1ω2ω3
(
gA
F
)5 (
S2 +
1
2
)
[
− (J2(ω2) + J2(−ω2)) + (J2(ω3) + J2(−ω3))
]
D4 = − i
4ω1ω2ω3
(
gA
F
)5 (
S2 +
1
2
)
[
(J2(ω1)− J2(−ω1))− (J2(ω2)− J2(−ω2))− (J2(ω3)− J2(−ω3))
]
(A.25)
Diagrams s4+s5:
A1 =
3i
4
(
gA
F
)5
S2(ω2ω3 − q2 · q3)
[
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
+
1
ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
1
ω1
− 1
ω2
)]
A2 =
3i
4
(
gA
F
)5
S2(ω2ω3 − q2 · q3)
[
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
− 1
ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
+
1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
− 1
ω1
+
1
ω2
)]
A4 =
3i
4
(
gA
F
)5
S2(ω2ω3 − q2 · q3)
[
J2(ω1) + J2(−ω1)
ω21
(
1
ω2
− 1
ω3
)
+
J2(ω2) + J2(−ω2)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3) + J2(−ω3)
ω23
(
− 1
ω1
+
1
ω2
)]
B3 = −3i
4
(
gA
F
)5
S2(ω1ω3 − q1 · q3)
[
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
+
1
ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
+
1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
1
ω1
+
1
ω2
)]
D1 =
3i
8
(
gA
F
)5
S2
[
J2(ω1) + J2(−ω1)
ω21
(
1
ω2
− 1
ω3
)
+
J2(ω2) + J2(−ω2)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3) + J2(−ω3)
ω23
(
− 1
ω1
+
1
ω2
)]
D4 =
3i
8
(
gA
F
)5
S2
[
J2(ω1)− J2(−ω1)
ω21
(
1
ω2
+
1
ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
1
ω1
− 1
ω2
)]
(A.26)
Diagrams s6+s7:
A1 =
i
4ω1
gA
F 5
[
(ω2 − ω3) (ω3(J0(ω3)− J0(−ω3))− ω2(J0(ω2)− J0(−ω2)))
−(ω2 + ω3)∆π
]
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A2 = − i
8ω1
gA
F 5
(ω2 − ω3)
[
ω3(J0(ω3)− J0(−ω3)) + ω2(J0(ω2)− J0(−ω2)) + 3∆π
]
A4 = − i
8ω1
gA
F 5
(ω2 − ω3)
[
ω3(J0(ω3) + J0(−ω3)) + ω2(J0(ω2) + J0(−ω2))
]
B3 = − i
8ω2
gA
F 5
(ω1 + ω3) (ω3(J0(ω3)− J0(−ω3)) + ω1(J0(ω1)− J0(−ω1)) + 3∆π)
D1 = D4 = 0 (A.27)
Diagram s8+s9:
A1 =
i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)[
J2(ω1)− J2(−ω1)
ω1
(
3S2
ω1ω2
+
3S2
ω1ω3
− 2(S
2 + 1)
ω2ω3
)
−J2(ω2)− J2(−ω2)
ω2
(
S2 + 1
ω1ω2
− S
2 + 1
ω2ω3
+
2S2 − 1
ω1ω3
)
−J2(ω3)− J2(−ω3)
ω3
(
S2 + 1
ω1ω3
− S
2 + 1
ω2ω3
+
2S2 − 1
ω1ω2
)]
A2 =
i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)[
J2(ω1)− J2(−ω1)
ω1
(
S2
ω1ω2
− S
2
ω1ω3
+
4(S2 + 1)
ω2ω3
)
−J2(ω2)− J2(−ω2)
ω2
(
3(S2 + 1)
ω1ω2
+
3(S2 + 1)
ω2ω3
+
1
ω1ω3
)
+
J2(ω3)− J2(−ω3)
ω3
(
S2 + 1
ω1ω3
− S
2 + 1
ω2ω3
+
2S2 + 3
ω1ω2
)]
A4 =
i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)[
J2(ω1) + J2(−ω1)− 2J2(0)
ω1
(
S2
ω1ω2
− S
2
ω1ω3
)
−J2(ω2) + J2(−ω2)− 2J2(0)
ω2
(
S2 + 1
ω1ω2
− S
2 + 1
ω2ω3
− 2S
2 + 1
ω1ω3
)
+
J2(ω3) + J2(−ω3)− 2J2(0)
ω3
(
S2 + 1
ω1ω3
− S
2 + 1
ω2ω3
− 2S
2 + 1
ω1ω2
)]
B3 =
i
4
(
gA
F
)5
(ω1ω3 − q1 · q3)[
J2(ω1)− J2(−ω1)
ω1
(
S2 + 1
ω1ω2
+
S2 + 1
ω1ω3
− 2S
2 + 3
ω2ω3
)
−J2(ω2)− J2(−ω2)
ω2
(
S2
ω1ω2
+
S2
ω2ω3
+
4(S2 + 1)
ω1ω3
)
+
J2(ω3)− J2(−ω3)
ω3
(
3(S2 + 1)
ω1ω3
+
3(S2 + 1)
ω2ω3
− 1
ω1ω2
)]
28
D1 =
i
8
(
gA
F
)5
(S2 + 1)[
−J2(ω1) + J2(−ω1)− 2J2(0)
ω1
(
3
ω1ω2
− 3
ω1ω3
)
−J2(ω2) + J2(−ω2)− 2J2(0)
ω2
(
1
ω1ω2
− 1
ω2ω3
+
2
ω1ω3
)
+
J2(ω3) + J2(−ω3)− 2J2(0)
ω3
(
1
ω1ω3
− 1
ω2ω3
+
2
ω1ω2
)]
D4 =
i
8
(
gA
F
)5
(S2 + 1)[
−J2(ω1)− J2(−ω1)
ω1
(
1
ω1ω2
+
1
ω1ω3
+
2
ω2ω3
)
−J2(ω2)− J2(−ω2)
ω2
(
1
ω1ω2
− 1
ω2ω3
− 2
ω1ω3
)
−J2(ω3)− J2(−ω3)
ω3
(
1
ω1ω3
− 1
ω2ω3
− 2
ω1ω2
)]
(A.28)
Diagram s10:
A2 =
i
8ω1
gA
F 5
[
(ω2 − ω3) (ω3(J0(ω3)− J0(−ω3))− ω2(J0(ω2)− J0(−ω2)))
−(ω2 + ω3)∆π
]
A4 = − i
8ω1
gA
F 5
(ω2 − ω3)
[
ω3(J0(ω3) + J0(−ω3)) + ω2(J0(ω2) + J0(−ω2))
]
B3 =
i
8ω2
gA
F 5
[
(ω1 + ω3) (−ω3(J0(ω3)− J0(−ω3)) + ω1(J0(ω1)− J0(−ω1)))
+(ω1 − ω3)∆π
]
A1 = D1 = D4 = 0 (A.29)
Diagram s11:
A1 = − i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
)
[
J2(ω1)− J2(0)
ω21
(
1
ω2
+
1
ω3
)
− J2(−ω1)− J2(−ω2)
ω1
(
2
ω2ω3
− 1
ω1ω2
− 1
ω1ω3
)
−J2(ω2)− J2(0)
ω2
(
2
ω1ω3
+
1
ω1ω2
− 1
ω2ω3
)
− J2(−ω2)− J2(0)
ω22
(
1
ω1
− 1
ω3
)
−J2(ω3)− J2(0)
ω3
(
2
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)
− J2(−ω3)− J2(0)
ω23
(
1
ω1
− 1
ω2
)
+2J ′2(0)
(
1
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)]
29
A2 = − i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
)
[
−J2(ω1)− J2(−w1)
ω21
(
1
ω2
− 1
ω3
)
− J2(ω2)− J2(0)
ω22
(
1
ω1
+
1
ω3
)
+
J2(ω3)− J2(0)
ω3
(
2
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)
+
J2(−ω3)− J2(0)
ω23
(
1
ω1
− 1
ω2
)
+2J ′2(0)
(
1
ω1ω2
− 1
ω1ω3
+
1
ω2ω3
)]
A4 = −3i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
)
[
J2(ω1) + J2(−ω1)− 2J2(0)
ω21
(
1
ω2
− 1
ω3
)
+
J2(ω2)− J2(0)
ω2
(
2
ω1ω3
+
1
ω1ω2
− 1
ω2ω3
)
− J2(−ω2)− J2(0)
ω22
(
1
ω1
− 1
ω3
)
−J2(ω3)− J2(0)
ω3
(
2
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)
+
J2(−ω3)− J2(0)
ω23
(
1
ω1
− 1
ω2
)]
B3 = − i
4
(
gA
F
)5
(ω2ω3 − q2 · q3)
(
S2 +
1
2
)
[
−J2(ω1)− J2(0)
ω21
(
1
ω2
+
1
ω3
)
+
J2(−ω1)− J2(0)
ω1
(
2
ω2ω3
− 1
ω1ω2
− 1
ω1ω3
)
+
J2(ω2)− J2(−ω2)
ω22
(
1
ω1
+
1
ω3
)
+
J2(ω3)− J2(−ω3)
ω23
(
1
ω1
+
1
ω2
)
−2J ′2(0)
(
1
ω1ω2
+
1
ω1ω3
+
1
ω2ω3
)]
D1 = − i
4
(
gA
F
)5 (
S2 +
3
2
)
[
−J2(ω1) + J2(−ω1)− 2J2(0)
ω21
(
1
ω2
− 1
ω3
)
−J2(ω2)− J2(0)
ω2
(
2
ω1ω3
+
1
ω1ω2
− 1
ω2ω3
)
+
J2(−ω2)− J2(0)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3)− J2(0)
ω3
(
2
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)
− J2(−ω3)− J2(0)
ω23
(
1
ω1
− 1
ω2
)]
D4 = −3i
4
(
gA
F
)5 (
S2 +
3
2
)
[
−J2(ω1)− J2(0)
ω21
(
1
ω2
+
1
ω3
)
+
J2(−ω1)− J2(0)
ω1
(
2
ω2ω3
− 1
ω1ω2
− 1
ω1ω3
)
+
J2(ω2)− J2(0)
ω2
(
2
ω1ω3
+
1
ω1ω2
− 1
ω2ω3
)
+
J2(−ω2)− J2(0)
ω22
(
1
ω1
− 1
ω3
)
+
J2(ω3)− J2(0)
ω3
(
2
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)
+
J2(−ω3)− J2(0)
ω23
(
1
ω1
− 1
ω2
)
30
−2J ′2(0)
(
1
ω1ω2
+
1
ω1ω3
− 1
ω2ω3
)]
(A.30)
Diagrams s12+s13: add up to 0.
Diagrams s14+s15:
A1 = −i g
3
A
F 5
S2
J2(ω1)− J2(−ω1)
ω1
A2 = A4 = B3 = D1 = D4 = 0 (A.31)
Diagrams s16+s17:
A2 =
i
4
g3A
F 5
S2
ω2 − ω3
ω21
(J2(ω1)− J2(−ω1))
A4 =
i
4
g3A
F 5
S2
ω2 − ω3
ω21
(J2(ω1) + J2(−ω1)− 2J2(0))
B3 =
i
4
g3A
F 5
S2
ω1 + ω3
ω22
(J2(ω2)− J2(−ω2))
A1 = D1 = D4 = 0 (A.32)
Diagrams s18+s19:
A2 = − i
4
g3A
F 5
(
S2 +
1
2
)
ω2 − ω3
ω21
(J2(ω1)− J2(−ω1))
A4 = − i
4
g3A
F 5
(
S2 +
1
2
)
ω2 − ω3
ω21
(J2(ω1) + J2(−ω1)− 2J2(0))
B3 = − i
4
g3A
F 5
(
S2 +
1
2
)
ω1 + ω3
ω22
(J2(ω2)− J2(−ω2))
A1 = D1 = D4 = 0 (A.33)
Diagrams s20+s21:
A2 =
3i
4
g3A
F 5
S2
ω2 − ω3
ω21
(J2(ω1)− J2(−ω1))
A4 =
3i
4
g3A
F 5
S2
ω2 − ω3
ω21
(J2(ω1) + J2(−ω1))
B3 =
3i
4
g3A
F 5
S2
ω1 + ω3
ω22
(J2(ω2)− J2(−ω2))
A1 = D1 = D4 = 0 (A.34)
Diagrams s22+s23:
A1 = − i
4
gA
F 5
[
ω2(J0(ω2)− J0(−ω2)) + ω3(J0(ω3)− J0(−ω3)) + 2∆π
]
31
A2 =
3i
4
gA
F 5
[
ω2(J0(ω2)− J0(−ω2)) + ∆π
]
A4 = − i
4
gA
F 5
[
ω2(J0(ω2) + J0(−ω2))− ω3(J0(ω3) + J0(−ω3))
]
B3 = −3i
4
gA
F 5
[
ω3(J0(ω3)− J0(−ω3)) + ∆π
]
D1 = D4 = 0 (A.35)
Diagrams s24+s25:
A1 = i
g3A
F 5
(
S2 +
1
2
)
J2(ω1)− J2(−ω1)
ω1
A2 = −i g
3
A
F 5
(
S2 +
1
2
)
J2(ω1)− J2(−ω1)
ω1
B3 = i
g3A
F 5
(
S2 +
1
2
)
J2(ω2)− J2(−ω2)
ω2
A4 = D1 = D4 = 0 (A.36)
Diagram s26+s27:
A2 =
i
4
g3A
F 5
(
S2 +
1
2
)
ω2 − ω3
ω1
[
J2(ω1)− J2(−ω1)
ω1
− 2J ′2(0)
]
A4 = −3i
4
g3A
F 5
(
S2 +
1
2
)
ω2 − ω3
ω21
[
J2(ω1) + J2(−ω1)− 2J2(0)
]
B3 =
i
4
g3A
F 5
(
S2 +
1
2
)
ω1 + ω3
ω2
[
J2(ω2)− J2(−ω2)
ω2
− 2J ′2(0)
]
A1 = D1 = D4 = 0 (A.37)
Diagrams s28+s29:
A1 = i
g3A
F 5
{
K0(t3, ω1)−K0(t3,−ω1)
8ω1
(2t23 − 5M2t3 + 2M4)
+
J0(ω1)− J0(−ω1)
8ω1
(−2t3 + 2ω21 −M2) + I0(t3)
−2t3 +M2
4
+
∆π
2
+
ω2ω3 − q2 · q3
t2 − ω22
[
−K0(t2, ω2)−K0(t2,−ω2)
8ω2
(t22 − 4M2t2 + 4M2ω22)
+
J0(ω2)− J0(−ω2)
8ω2
(t2 − 2ω22) + I0(t2)
t2
2
+
t2 − ω22
16π2
]
+
ω2ω3 − q2 · q2
t1 − ω23
[
−K0(t1, ω3)−K0(t1,−ω3)
8ω3
(t21 − 4M2t1 + 4M2ω23)
+
J0(ω3)− J0(−ω3)
8ω3
(t1 − 2ω23) + I0(t1)
t1
2
+
t1 − ω23
16π2
]}
32
A2 = i
g3A
F 5
{
ω2 − ω3
8(t3 − ω21)
[
(K0(t3, ω1)−K0(t3,−ω1))t3(t3 − 2M2).
−(J0(ω1)− J0(−ω1))(t3 + 2M2 − 2ω21)−
20
3ω1
∆π
−I0(t3) 2
3ω1
(5t23 − 8M2t3 + ω21t3 − 4M2ω21)
− 1
36π2ω1
(6M2 − t3)(t3 − ω21)
]
−ω2ω3 − q2 · q3
t1 − ω23
[
−K0(t1, ω3)−K0(t1,−ω3)
8ω3
(t21 − 4M2t1 + 4M2ω23)
+
J0(ω3)− J0(−ω3)
8ω3
(t1 − 2ω23) + I0(t1)
t1
2
+
t1 − ω23
16π2
]}
A4 = i
g3A
F 5
{
(ω2 − ω3)
8(t3 − ω21)
[
(K0(t3, ω1) +K0(t3,−ω1))t3(t3 − 2M2)
−(J0(ω1) + J0(−ω1))(t3 + 2M2 − 2ω21)− J0(0)2(t3 − 2M2)
]
+
(ω2ω3 − q2 · q3)
8ω2(t2 − ω22)
[
−(K0(t2, ω2) +K0(t2,−ω2))(t22 − 4M2t2 + 4M2ω22)
+(J0(ω2) + J0(−ω2))(t2 − 2ω22) + J0(0)2t2
]
−(ω2ω3 − q2 · q3)
8ω3(t1 − ω23)
[
−(K0(t1, ω3) +K0(t1,−ω3))(t21 − 4M2t1 + 4M2ω23)
+(J0(ω3) + J0(−ω3))(t1 − 2ω23) + J0(0)2t1
] }
B3 = i
g3A
F 5
{
− ω1ω3 − q1 · q3
t3 − ω21
[
−K0(t3, ω1)−K0(t3,−ω1)
8ω1
(t23 − 4M2t2 + 4M2ω21)
+
J0(ω1)− J0(−ω1)
8ω1
(t3 − 2ω21) + I0(t3)
t3
2
+
t3 − ω21
16π2
]
+
ω1 + ω3
8(t2 − ω22)
[
(K0(t2, ω2)−K0(t2,−ω2))t2(t2 − 2M2)
−(J0(ω2)− J0(−ω2))(t2 + 2M2 − 2ω22)−
20
3ω2
∆π
−I0(t2) 2
3ω2
(5t22 − 8M2t2 + ω22t2 − 4M2ω22)
− 1
36π2ω2
(6M2 − t2)(t2 − ω22)
]}
D1 = i
g3A
F 5
{
− 1
16ω2(t2 − ω22)
[
(K0(t2, ω2) +K0(t2,−ω2))(t22 − 4M2t2 + 4M2ω22)
−(J0(ω2) + J0(−ω2))(t2 − 2ω22)− 2J0(0)t2
]
+
1
16ω3(t1 − ω23)
[
(K0(t1, ω3) +K0(t1,−ω3))(t21 − 4M2t1 + 4M2ω23)
33
−(J0(ω3) + J0(−ω3))(t1 − 2ω23)− 2J0(0)t1
] }
D4 = i
g3A
16F 5
{
1
t3 − ω21
[
−K0(t3, ω1)−K0(t2,−ω2)
ω1
(t23 − 4M2t3 + 4M2ω21)
+
J0(ω1)− J0(−ω1)
ω1
(t3 − 2ω21) + I0(t3)4t3 +
t3 − ω21
2π2
]
+
1
t2 − ω22
[
−K0(t2, ω2)−K0(t2,−ω2)
ω2
(t22 − 4M2t2 + 4M2ω22)
+
J0(ω2)− J0(−ω2)
ω2
(t2 − 2ω22) + I0(t2)4t2 +
t2 − ω22
2π2
]
+
1
t1 − ω23
[
−K0(t1, ω3)−K0(t1,−ω3)
ω3
(t21 − 4M2t1 + 4M2ω23)
+
J0(ω3)− J0(−ω3)
ω3
(t1 − 2ω23) + I0(t1)4t1 +
t1 − ω23
2π2
]}
(A.38)
Diagrams s30+s31:
A1 = i
gA
4F 5
{
1
(t2 − ω22)2
(
ω2(K0(t2, ω2)−K0(t2,−ω2))
2[
(q1 · (q1 − q3)− ω1ω2)(−4t2M2 + 4M2ω22 + 3t22)
−(t2 − ω22)(3t22 − 6t2M2 + 4M2ω22)
]
+
ω2(J0(ω2)− J0(−ω2))
2
[
(q1 · (q1 − q3)− ω1ω2)(5t2 − 2ω22)
−(t2 − ω22)(t2 − 2M2 + 2ω22)
]
+I0(t2)
[
2ω1ω2t2(2t2 + ω
2
2) +
t2 − ω22
3
(4t22 − 7t2M2 + 14t2ω22 − 5M2ω22)
− 2
3t2
q1 · (q1 − q3)(11t22ω22 − 4t2ω42 − 2M2t22 + 4M2t2ω22 − 2M2ω42 + 2t32)
]
+∆π(t2 − ω2)2
[
4
3t2
q1 · (q1 − q3) + 2
3
]
+
t2 − ω22
16π2
[
− 2
9t2
q1 · (q1 − q3)(t22 − 6t2M2 + 17t2ω22 + 6M2ω22) + 4ω1ω32
+
2(t2 − ω22)
9
(t2 − 6M2 + 18ω22)
])
+
1
(t1 − ω23)2
(
ω3(K0(t1, ω3)−K0(t1,−ω3))
2[
(q1 · (q1 − q2)− ω1ω3)(−4t1M2 + 4M2ω23 + 3t21)
−(t1 − ω23)(3t21 − 6t1M2 + 4M2ω23)
]
+
ω3(J0(ω3)− J0(−ω3))
2
[
(q1 · (q1 − q2)− ω1ω3)(5t1 − 2ω23)
34
−(t1 − ω23)(t1 − 2M2 + 2ω23)
]
+I0(t1)
[
2ω1ω3t1(2t1 + ω
2
3) +
t1 − ω23
3
(4t21 − 7t1M2 + 14t1ω23 − 5M2ω23)
+− 2
3t1
q1 · (q1 − q2)(11t21ω23 − 4t1ω43 − 2M2t21 + 4M2t1ω23 − 2M2ω43 + 2t31)
]
+∆π(t1 − ω3)2
[
4
3t1
q1 · (q1 − q2) + 2
3
]
+
t1 − ω23
16π2
[
− 2
9t1
q1 · (q1 − q2)(t21 − 6t1M2 + 17t1ω23 + 6M2ω23) + 4ω1ω33
+
2(t1 − ω23)
9
(t1 − 6M2 + 18ω23)
])}
A2 = i
gA
4F 5
{
1
t2 − ω22
[
−(K0(t2, ω2)−K0(t2,−ω2))ω2t22
−(J0(ω2)− J0(−ω2))ω2(3t2 − 2ω22)
+I0(t2)t2(t2 + 3ω
2
2)−∆π2(t2 − ω22)
]
+
1
(t1 − ω23)2
(
ω3(K0(t1, ω3)−K0(t1,−ω3))
2[
(−q2 · (q1 − q2) + ω2ω3)(−4t1M2 + 4M2ω23 + 3t21)
−2(t1 − ω23)t1(t1 −M2)
]
+
ω3(J0(ω3)− J0(−ω3))
2
[
(−q2 · (q1 − q2) + ω2ω3)(5t1 − 2ω23)
−2(t1 − ω23)(t1 −M2)
]
+I0(t1)
[
2
3t1
q2 · (q1 − q2)(11t21ω23 − 4t1ω43 − 2M2t21 + 4M2t1ω23 − 2M2ω43 + 2t31)
−2ω2ω3t1(2t1 + ω23) + 2(t1 − ω23)(t1 −M2)(t1 + 3ω23)
]
−∆π(t1 − ω3)2 4
3t1
q2 · (q1 − q2)
+
t1 − ω23
16π2
[
2
9t1
q2 · (q1 − q2)(t21 − 6t1M2 + 17t1ω23 + 6M2ω23)− 4ω2ω33
])}
A4 = i
gA
4F 5
{
ω2
2(t2 − ω22)2
(
(K0(t2, ω2) +K0(t2,−ω2))[
−(ω1 + ω3)ω2(−4t2M2 + 4M2ω22 + 3t22)− (t2 − ω22)(t22 − 4t2M2 + 4M2ω22)
]
+(J0(ω2) + J0(−ω2))
[
−(ω1 + ω3)ω2(5t2 − 2ω22) + (t2 − ω22)(t2 − 2ω22)
]
+J0(0)t2
[
6(ω1 + ω3)ω2 + 2(t2 − ω22)
] )
+
ω3
2(t1 − ω23)2
(
(K0(t1, ω3) +K0(t1,−ω3))
35
[
(ω1 + ω2)ω3(−4t1M2 + 4M2ω23 + 3t21) + (t1 − ω23)(t21 − 4t1M2 + 4M2ω23)
]
+(J0(ω3) + J0(−ω3))
[
(ω1 + ω2)ω3(5t1 − 2ω23)− (t1 − ω23)(t1 − 2ω23)
]
−J0(0)t1
[
6(ω1 + ω2)ω3 + 2(t1 − ω23)
] )}
B3 = i
gA
4F 5
{
1
(t3 − ω21)2
(
ω1(K0(t3, ω1)−K0(t3,−ω1))
2[
(−q3 · (q2 + q3) + ω1ω3)(−4t3M2 + 4M2ω21 + 3t23) + 2(t3 − ω21)t3(t3 −M2)
]
+
ω1(J0(ω1)− J0(−ω1))
2
[
(−q3 · (q2 + q3) + ω1ω3)(5t3 − 2ω21)
+2(t3 − ω21)(t3 −M2)
]
+I0(t3)
[
2
3t3
q3 · (q2 + q3)(11t23ω21 − 4t3ω41 − 2M2t23 + 4M2t3ω21 − 2M2ω41 + 2t33)
−2ω1ω3t3(2t3 + ω21)− 2(t3 − ω21)(t3 −M2)(t3 + 3ω21)
]
−∆π(t3 − ω1)2 4
3t3
q2 · (q2 + q3)
+
t3 − ω21
16π2
[
2
9t3
q3 · (q2 + q3)(t23 − 6t3M2 + 17t3ω21 + 6M2ω21)− 4ω31ω3
])
+
1
t1 − ω23
[
(K0(ω3)−K0(−ω3))ω3t21 + (J0(ω3)− J0(−ω3))ω3(3t1 − 2ω23)
−I0(t1)t1(t1 + 3ω23) + ∆π2(t1 − ω23)
]}
D1 = D4 = 0 (A.39)
Diagram s32:
A2 = i
g3A
2F 5
(
S2 +
1
2
)
J ′2(0)
B3 = −i g
3
A
2F 5
(
S2 +
1
2
)
J ′2(0)
A1 = A4 = D1 = D4 = 0 (A.40)
Diagram s33:
A1 = −i g
3
A
F 5
{
1
ω1(t3 − ω21)
[
(K0(t3, ω1)−K0(t3,−ω1))M
2t3(t3 − 2ω21)
16
+(J0(ω1)− J0(−ω1))4ω
2
1t3 − 7M2t3 − 4ω41 + 4M2ω21
48
+ I0(t3)
M2ω31
4
+∆π
ω1(t3 − ω21)
6
− ω1
16π2
−21M2 + 8ω21
18
]
−ω
2
2 − q2 · (q1 − q3)
16ω2(t2 − ω22)2
36
[
(K0(t2, ω2)−K0(t2,−ω2))(t32 + 2M2t22 − 4t22ω22 − 8t2M4 + 4M2ω22t2 + 8M4ω22)
−(J0(ω2)− J0(−ω2))(t22 − 2M2t2 + 2ω22t2 − 4M2ω22)
+I0(t2)4ω2(t
2
2 − 2M2t2 + 2ω22t2 − 4M2ω22) +
ω2(t2 − 2M2)(t2 − ω22)
2π2
]
−ω
2
3 − q3 · (q1 − q2)
16ω3(t1 − ω23)2[
(K0(t1, ω3)−K0(t1,−ω3))(t31 + 2M2t21 − 4t21ω23 − 8t1M4 + 4M2ω23t1 + 8M4ω23)
−(J0(ω3)− J0(−ω3))(t21 − 2M2t1 + 2ω23t1 − 4M2ω23)
+I0(t1)4ω3(t
2
1 − 2M2t1 + 2ω23t1 − 4M2ω23) +
ω3(t1 − 2M2)(t1 − ω23)
2π2
]}
A2 = −i g
3
A
F 5
{
1
ω1(t3 − ω21)
[
(K0(t3, ω1)−K0(t3,−ω1))t3(t
2
3 − 2ω21t3 − 2M2t3 + 4M2ω21)
16
−(J0(ω1)− J0(−ω1))3t
2
3 − 10M2t3 + 4ω21t3 − 4ω41 + 4M2ω21
48
+I0(t3)
ω31(t3 − 2M2)
4
−∆πω1(t3 − ω
2
1)
6
+
ω1
16π2
9t3 − 30M2 + 8ω21
18
]
−M
2(ω22 − q2 · (q1 − q3))
16ω2(t2 − ω22)2
[
− (J0(ω2)− J0(−ω2))(t2 + 2ω22) + I0(t2)4ω2(t2 + 2ω22)
+(K0(t2, ω2)−K0(t2,−ω2))(−4ω22t2 + t22 − 4M2ω22 + 4M2t2) +
ω2(t2 − ω22)
2π2
]
−ω
2
3 − q3 · (q1 − q2)
16ω3(t1 − ω23)2[
(K0(t1, ω3)−K0(t1,−ω3))(t31 + 2M2t21 − 4t21ω23 − 8t1M4 + 4M2ω23t1 + 8M4ω23)
−(J0(ω3)− J0(−ω3))(t21 − 2M2t1 + 2ω23t1 − 4M2ω23)
+I0(t1)4ω3(t
2
1 − 2M2t1 + 2ω23t1 − 4M2ω23) +
ω3(t1 − 2M2)(t1 − ω23)
2π2
]}
A4 = −i g
3
A
F 5
{
ω2 − ω3
16(t3 − ω21)2
[
(K0(t3, ω1) +K0(t3,−ω1))t23(t3 − 2ω21)
−(J0(ω1) + J0(−ω1))1
3
(−4ω21t3 + 3t23 − 4M2ω21 + 4M2t3 + 4ω41)
−J0(0)2
3
(−6ω22t3 + 3t23 + 4M2ω21 − 4M2t3)
]
+
(ω22 − q2 · (q1 − q3))(ω1 + ω3)
16(t2 − ω22)3[
− (K0(t2, ω2) +K0(t2,−ω2))(4M2ω22t2 + 4M2t22 − 8M2ω42 − 6t22ω22 + t32)
37
+(J0(ω2) + J0(−ω2))1
3
(16M2ω22 − 16M2t2 − 4ω42 + 16ω22t2 + 3t22)
+J0(0)
2
3
(−16M2ω22 + 16M2t2 − 18ω22t2 + 3t22)
]
+
ω1ω2 − q1 · q2
24ω2(t2 − ω22)2
[
(K0(t2, ω2) +K0(t2,−ω2))3ω22(4M2ω22 + t22 − 4M2t2)
+(J0(ω2) + J0(−ω2))(8M2ω22 − 8M2t2 + 5ω22t2 − 2ω42)
−J0(0)2(−8M2t2 + 8M2ω22 + 3ω22t2)
]
−(ω
2
3 − q3 · (q1 − q2))(ω1 + ω2)
16(t1 − ω23)3[
− (K0(t1, ω3) +K0(t1,−ω3))(4M2ω23t1 + 4M2t21 − 8M2ω43 − 6t21ω23 + t31)
+(J0(ω3) + J0(−ω3))1
3
(16M2ω23 − 16M2t1 − 4ω43 + 16ω23t1 + 3t21)
+J0(0)
2
3
(−16M2ω23 + 16M2t1 − 18ω23t1 + 3t21)
]
− ω1ω3 − q1 · q3
24ω3(t1 − ω23)2
[
(K0(t1, ω3) +K0(t1,−ω3))3ω23(4M2ω23 + t21 − 4M2t1)
+(J0(ω3) + J0(−ω3))(8M2ω23 − 8M2t1 + 5ω23t1 − 2ω43)
−J0(0)2(−8M2t1 + 8M2ω23 + 3ω23t1)
] }
B3 = −i g
3
A
F 5
{
ω21 − q1 · (q2 + q3)
16ω1(t3 − ω21)2[
(K0(t3, ω1)−K0(t3,−ω1))(t33 + 2M2t23 − 4t23ω21 − 8t3M4 + 4M2ω21t3 + 8M4ω21)
−(J0(ω1)− J0(−ω1))(t23 − 2M2t3 + 2ω21t3 − 4M2ω21)
+I0(t3)4ω1(t
2
3 − 2M2t3 + 2ω21t3 − 4M2ω21) +
ω1(t3 − 2M2)(t3 − ω21)
2
]
− 1
ω2(t2 − ω22)
[
(K0(t2, ω2)−K0(t2,−ω2))t2(t
2
2 − 2ω22t2 − 2M2t2 + 4M2ω22)
16
−(J0(ω2)− J0(−ω2))3t
2
2 − 10M2t2 + 4ω22t2 − 4ω42 + 4M2ω22
48
+I0(t2)
ω32(t2 − 2M2)
4
−∆πω2(t2 − ω
2
2)
6
+
ω2
16π2
9t2 − 30M2 + 8ω22
18
]
+
M2(ω23 − q3 · (q1 − q2))
16ω3(t1 − ω23)2
[
− (J0(ω3)− J0(−ω3))(t1 + 2ω23) + I0(t1)4ω3(t1 + 2ω23)
+(K0(t1, ω3)−K0(t1,−ω3))(−4ω23t1 + t21 − 4M2ω23 + 4M2t1) +
ω3(t1 − ω23)
2π2
]
D1 = 0
38
D4 = −i g
3
A
16F 5
{
1
ω1(t3 − ω21)
[
− (K0(t3, ω1)−K0(t3,−ω1))(4M2ω21 + t23 − 4M2t3)
+(J0(ω1)− J0(−ω1))(t3 − 2ω21) + I0(t3)4t3ω1 +
ω1(t3 − ω21)
2π2
]
+
1
ω2(t2 − ω22)
[
− (K0(t2, ω2)−K0(t2,−ω2))(4M2ω22 + t22 − 4M2t2)
+(J0(ω2)− J0(−ω2))(t2 − 2ω22) + I0(t2)4t2ω2 +
ω2(t2 − ω22)
2π2
]
+
1
ω3(t1 − ω23)
[
− (K0(t1, ω3)−K0(t1,−ω3))(4M2ω23 + t21 − 4M2t1)
+(J0(ω3)− J0(−ω3))(t1 − 2ω23) + I0(t1)4t1ω3 +
ω3(t1 − ω23)
2π2
]}
(A.41)
Diagram s34:
A1 = −i g
3
A
F 5
1
(q2 + q3 − q1)2 −M2
(
S2 +
1
2
)
J ′2(0)(t3 −M2)
A2 = −i g
3
A
F 5
1
(q2 + q3 − q1)2 −M2
(
S2 +
1
2
)
J ′2(0)(t2 −M2)
B3 = i
g3A
F 5
1
(q2 + q3 − q1)2 −M2
(
S2 +
1
2
)
J ′2(0)(t1 −M2)
A4 = D1 = D4 = 0 (A.42)
Diagram s35: Combine with diagrams R1d and 3r.
4. Renormalization diagrams: We now give those contributions from the first order diagrams,
which come in via renormalization and thus cannot be obtained from the 1/m expansion
of the relativistic amplitude. To third order, the renormalized pion mass, pion Z-factor,
decay constant and the axial–vector coupling read:
Zπ = 1− 2M
2
F 2
ℓ4 − ∆π
F 2
, (A.43)
M2π = M
2
{
1 +
2M2
F 2
ℓ3 +
∆π
2F 2
}
, (A.44)
Fπ = F
{
1 +
M2
F 2
ℓ4 − ∆π
F 2
}
, (A.45)
gA
Fπ
=
(
gA
F
)
0
{
1− M
2
F 2
ℓ4 +
4M2
gA
d16(λ) +
g2A
4F 2
(
∆π − M
2
4π2
)}
, (A.46)
Here,M,F and gA,0 denote the corresponding leading order values in the chiral expansion.
Moreover, one has to take care of the renormalization of the nucleon mass when making
the heavy baryon transformation:
i
v · p →
i
v · p +
i
(v · p)2
3g2AM
3
32πF 2
. (A.47)
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The nucleon Z-factor takes the simple form:
ZN = 1− g
2
A
F 2
3M2
32π2
. (A.48)
Note that the familiar ln–terms have been treated as described in [22]. With that, we
find for the pertinent diagrams:
Diagram R1a:
A1 = −i
(
gA
F
)3
(ω2ω3 − q2 · q3)3M
2
4
(
1
ω1ω3
+
1
ω1ω2
− 1
ω2ω3
)
(
g2A
16π2F 2
− 8d16(λ)
gA
− ∆π
2F 2
(g2A + 2)
)
A2 = −i
(
gA
F
)3
(ω2ω3 − q2 · q3)3M
2
4
(
− 1
ω1ω3
+
1
ω1ω2
+
1
ω2ω3
)
(
g2A
16π2F 2
− 8d16(λ)
gA
− ∆π
2F 2
(g2A + 2)
)
A4 = −i
(
gA
F
)5
(ω2ω3 − q2 · q3)3M
3
64π[
− 1
ω1ω3
(
1
ω1
+
1
ω3
)
+
1
ω1ω2
(
1
ω1
+
1
ω2
)
+
1
ω2ω3
(
− 1
ω2
+
1
ω3
)]
B3 = i
(
gA
F
)3
(ω1ω3 − q1 · q3)3M
2
4
(
1
ω1ω3
+
1
ω1ω2
+
1
ω2ω3
)
(
g2A
16π2F 2
− 8d16(λ)
gA
d16(λ)− ∆π
2F 2
(g2A + 2)
)
D1 = −i
(
gA
F
)5 3M3
128π[
− 1
ω1ω3
(
1
ω1
+
1
ω3
)
+
1
ω1ω2
(
1
ω1
+
1
ω2
)
+
1
ω2ω3
(
− 1
ω2
+
1
ω3
)]
D4 = −i
(
gA
F
)3 3M2
8
(
1
ω1ω3
+
1
ω1ω2
− 1
ω2ω3
)
(
g2A
16π2F 2
− 8d16(λ)
gA
− ∆π
2F 2
(g2A + 2)
)
(A.49)
Diagrams R1b+R1c:
A2 = i
gA
2F 3
ω2 − ω3
ω1
(
4M2
gA
d16(λ) +
g2AM
2
32π2F 2
+
∆π
F 2
(
7
2
+
g2A
4
))
A4 = −i3g
3
AM
3
64πF 5
ω2 − ω3
ω21
B3 = i
gA
2F 3
ω1 + ω3
ω2
(
4M2
gA
d16(λ) +
g2AM
2
32π2F 2
+
∆π
F 2
(
7
2
+
g2A
4
))
A1 = D1 = D4 = 0 (A.50)
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Diagram R1d:
A2 = −i gA
2F 3
(
4M2
gA
d16(λ) +
g2AM
2
32π2F 2
+
∆π
F 2
(
7
2
+
g2A
4
))
B3 = i
gA
2F 3
(
4M2
gA
d16(λ) +
g2AM
2
32π2F 2
+
∆π
F 2
(
7
2
+
g2A
4
))
A1 = A4 = D1 = D4 = 0 (A.51)
Diagrams R1e+3r+s35:
A1 = i
gA
F 3
1
(q1 − q2 − q3)2 −M2
{
−M2
(
2M2
F 2
ℓ3 +
∆π
2F 2
)
+(t3 −M2)
(
4M2
gA
d16(λ) +
g2AM
2
32π2F 2
+
∆π
F 2
(
9
2
+
g2A
4
)
+
2M2
F 2
ℓ4
)}
A2 = i
gA
F 3
1
(q1 − q2 − q3)2 −M2
{
−M2
(
2M2
F 2
ℓ3 +
∆π
2F 2
)
+(t2 −M2)
(
4M2
gA
d16(λ) +
g2AM
2
32π2F 2
+
∆π
F 2
(
9
2
+
g2A
4
)
+
2M2
F 2
ℓ4
)}
B3 = −i gA
F 3
1
(q1 − q2 − q3)2 −M2
{
−M2
(
2M2
F 2
ℓ3 +
∆π
2F 2
)
+(t1 −M2)
(
4M2
gA
d16(λ) +
g2AM
2
32π2F 2
+
∆π
F 2
(
9
2
+
g2A
4
)
+
2M2
F 2
ℓ4
)}
A4 = D1 = D4 = 0 (A.52)
5. Counterterm amplitude at threshold:
Finally, we spell out the contribution from the various counterterms to the threshold am-
plitudes. At threshold,
√
s = m + 2Mπ, q2 = q3 = (Mπ, 0) and p2 = (0, 0). The energy
of the incoming pion and the incoming nucleon can be easily evaluated together with the
spinor normalization factor N1. At threshold, the amplitude is fully given by A1 and A2.
The contribution from the different diagrams reads:
Diagrams 2a+2b:
A1 = −2i gA
F 3
M2v · p1
ω21
(2c1 + c2 + c3)
A2 = 0 (A.53)
Diagrams 3a+3b:
A1 = 0
A2 = i
2gAM
mF 3
[2c1M − ω1(c2 + c3)] (A.54)
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Diagrams 3c+3d:
A1 = i
gA
mF 3
M2(ω21 −M2)
ω21
(2c1 + c2 + c3)
A2 = 0 (A.55)
Diagrams 3n + 3o:
A1 = i
8M2gA
F 3
[
c2
2m
+ d˜26(λ) + d˜27(λ) + d˜28(λ)
]
A2 = 0 (A.56)
Diagram 3p:
A1 = i
4M2
F 3
[
gAc4
2m
− d10(λ)− d12(λ)− d16(λ) + 1
2
d18
]
A2 = i
2M2
F 3
[
−gAc4
2m
− d11(λ)− d13(λ) + d16(λ)− 1
2
d18
]
(A.57)
Diagram 3q:
A1 = i
3M3
2F 3(ω1 −M) [2d16(λ)− d18]
A2 = −iM
2(2ω1 −M)
2F 3(ω1 −M) [2d16(λ)− d18] (A.58)
Diagram 3r: Combine with R1e.
Diagram 3s:
A1 = i
gA
F 5
M
ω1 −M [2ℓ1M(2ω1 −M) + 2ℓ2ω1(2M − ω1) + ℓ4M(2M + ω1)]
A2 = i
gA
F 5
M
ω1 −M
[
2ℓ1ω1(2M − ω1) + ℓ2(4Mω1 − ω21 −M2)− ℓ4Mω1
]
(A.59)
Counterterm contribution at threshold from renormalization diagrams:
Diagram R1d:
A1 = 0
A2 = −i2M
2
F 3
d16(λ) (A.60)
Diagrams R1e+3r:
A1 = −i gA
F 3
M3
2(ω1 −M)
[−ℓ3 + 3ℓ4
F 2
+
6
gA
d16(λ)
]
A2 = i
gA
F 3
M2
2(ω1 −M)
[
Mℓ3 + (2ω1 −M)ℓ4
F 2
+
2(2ω1 −M)
gA
d16(λ)
]
(A.61)
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Altogether:
A1 =
i
F 3
{
gAM
2
ω21
(2c1 + c2 + c3)
(
−2v · p1 + ω
2
1 −M2
m
)
+
2M2gA
m
(2c2 + c4)
+8M2gA(d˜26(λ) + d˜27(λ) + d˜28(λ))
−4M2(d10(λ) + d12(λ) + d16(λ)− 1
2
d18)− 3M
3
2(ω1 −M)d18
+
gA
F 2
M
ω1 −M [2ℓ1M(2ω1 −M) + 2ℓ2ω1(2M − ω1)
+ℓ4M
(
M
2
+ ω1
)
+
M2
2
ℓ3
]}
,
(A.62)
A2 =
i
F 3
{
gAM
m
(4c1M − 2ω1(c2 + c3)− c4M)
−2M2(d11(λ) + d13(λ) + 1
2
d18) +
(2ω1 −M)M2
2(ω1 −M) d18
+
gA
F 2
M
ω1 −M
[
2ℓ1ω1(2M − ω1) + ℓ2(4Mω1 − ω21 −M2)
+
M2
2
(ℓ3 − ℓ4)
]}
. (A.63)
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Figures
1a 1b 1c
1d 1e
2a 2b
Figure 1: Tree graphs with insertions from the dimension one La-
grangian (1a–1e) and the dimension two Lagrangian as depicted by the
dot (2a,b). Solid and dashed lines denote nucleons and pions, respec-
tively.
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3a 3b 3c 3d
3e 3f 3g
3h 3i 3j 3k
3l 3m 3n 3o
3p 3q 3r 3s
Figure 2: Tree graphs of third order in the chiral expansion. The
filled box denotes an insertion from the dimension three pion–nucleon
Lagrangian whereas the circle–cross denotes a fourth order mesonic in-
sertion.
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Figure 3: One–loop graphs of the tadpole type.
47
s1 s2 s3
s4 s5 s6 s7
s8 s9 s10 s11
s12 s13 s14 s15
s16 s17 s18 s19
Figure 4: One–loop graphs of the self–energy type.
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Figure 5: Further one–loop graphs of the self–energy type.
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Figure 6: Fits to the total cross sections (solid lines). The dashed and
dotted lines refer to the second and first order contributions, respectively.
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Figure 7: Fits to the differential total cross sections for π−p → π+π−n
(solid lines) with respect to the kinetic energy and of solid angle the
outgoing π+. T2 = ω2 − Mπ refers to the outgoing positively charged
pion. For further notations, see fig.6.
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Figure 8: Predictions for the total cross sections up to Tπ = 400MeV
(solid lines). For further notations, see fig.6.
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Figure 9: Predictions for the angular correlation functions at fixed θ2.
For further notations, see fig.6.
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Figure 10: Predictions for the angular correlation functions at fixed ϕ2.
For further notations, see fig.6.
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Figure 11: Predictions for the differential cross sections dσ/dM2ππ and
dσ/dt. For further notations, see fig.6.
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Figure 12: Chiral expansion. In the upper two panels, the solid, dashed
and dotted lines refer to the contribution up to third, second and first
order respectively. In the lower panels, the dashed lines show the third or-
der contribution minus the ones from the dimension three contact terms.
Similarly, for the dotted lines the loop contributions are in addition sub-
tracted.
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Figure 13: Sensitivity to the pion–pion interaction. Considered are
the two channels π+p → π+π+n (left) and π−p→ π0π0n (right). Upper
panels: Total cross sections in the threshold region. Middle panels: dσ/dt
at Tπ = 220MeV. Lower panels: dσ/dt at Tπ = 240MeV. The solid line
refers to the standard case, whereas the dashed lines are obtained by
setting ℓ¯3 = −70 and keeping all other LECs fixed.
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